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PREFACE. 

I HAVE endeavoured in the following Treatise to exhibit the 
subject in a simple manner for the benefit of beginners, and 
at the same time to include in one volume all that students 
usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation^ which are of more 
recent origin ; these methods which are of a less elementary 
character than the rest of the work, are placed in separate 
chapters, and may be omitted by the student at first. 

The examples at the end of each chapter, will, it is hoped, 
furnish sufficient exercise on the principles of the subject, 
as they have been careftiUy selected with the view of illus- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The properties of the parabola, ellipse, and hyperbola, have 

been separately considered before the discussion of the general 

equation of the second degree, from the belief that the subject 

is thus presented in its most accessible form to students in 

the early stages of their progress. 

I. TODHUNTER. 

St John's College, 

J^y, 1855. 

In the second edition the work has been revised and some 
additions have been made both to the text and to the exam- 
ples ; the hints for the solution of the examples have also been 
considerably increased. 

Ma/rch, 1858. ^ T 
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PLANE CO-ORDINATE GEOMETRY. 

CHAPTER L 

CO-ORDINATES OF A POINT. 



1. In Plane Co-ordinate Geometry we investigate the 
properties of straight lines and curves lying in one plane 
by means of co-ordinates; we commence by explaining what 
we mean by the co-ordinates of a point. 
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Let be a fixed point in a plane through which the lines 
X'OX, Y'OY, are drawn at right angles. Let P be any 
other point in the plane; draw Pikf parallel to O^T meeting 
OX in M, aij^ PiV^ parallel to OX meeting OY in N. The 
position of -Pis evidently known if OJf and 0-^are known; 
for if through N and M lines be drawn parallel to OX and 
irrespectively, they will intersect in P. 

The point is called the origin; the lines OX and OY 
are called axes; OM is called the abscissa of the point P; and 
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2 CO-ORDINATES OF A POINT. 

ON^ or its equal MP, is called the ordinate of P. Also OM 
and MP are together called ccMyrdinates of P. 

2. Let OM = a, and ON— I, then according to our defi- 
nitions we may say that the point P has its abscissa equal to a, 
and its ordinate equal toh; or, more briefly, the co-ordinates of 
the point P are a and h. We shall often speak of the point 
which has a for its abscissa and h for its ordinate^ as the 
point {a, h). 



3. A custance measured along the axis OX is however 
most frequently denoted by the symbol x, and a distance 
measured along the axis OF by the symbol y. Hence OX 
is called the axis of a;, and OF the axis of y. Thus x and y 
are symbols to which we may ascribe different numerical 
values corresponding to the different points we consider, and 
we may express the statement that the co-ordinates of P are 
a and J, thus — ^for the point P, oj = a and y = i. 

4. The lines X'OX, Y'OY, being indefinitely produced 
divide the. plane in which they lie into four compartments. 
It becomes therefore necessary to distinguish points in one 
compartment from points in the others. For this purpose 
the following convention is adopted, which the reader has 
already seen in works on Trigonometry ; lines measured along 
OX are considered positive and along OX' negative; lines 
measured along OF are considered positive, and along OY' 
negative. If then we produce PN to a point Q such that 
NQ = NP, we have for the point Q, x = — a, i/=^h. If we 
prodj^ce PM to JR so that MB = MP, we have for the point 
a, x = a, y = — 6. Finally if we produce PO to 8 so that 
OS^OP, we have for the point 8, x^-^a, y = — 6. 

5. In the figure in Art. 1 w;e have taken the angle YOX 
a right angle ; the axes are then called rectangular. If the 
angle YOX be not a right angle, the axes are called oblique. 
All that has been hitherto said applies whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated ; this remark applies 
both to our investigations and to the examples which are given 
for the exercise of the student. 
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POLAR CO-ORDINATES OF A POINT. 3 

6. Another method of determining the position of a point 
in a plane is by means oi polar co-ordinates^ 




Let be a fixed point, and OX a fixed line. Let P be 
any other point ; join OP; then the position of P is determined 
if we know the angle XOP and the distance OP, The angle 
is usually denoted by and the distance by r. 

O is called the ©ofe, OX the initial line; OP the radiics 
vector of the point P, and POX the vectorial angle. 

7. The position of any point miffht be expressed by 
positive values .of the polar co-ordinates and r, since there 
IS here no ambiguity corresponding to that arising from the 
four compartments of the figure in Art. 4, It is however 
found convenient to use a similar convention to that in 
Art. 4; angles measured in one direction firom OX are con- 
sidered positive and in the other negative. Thus if in the 
figure. XOP be a positive angle, XOQ will be a negative 
angle; if the angle XOQ be a quarter of a right angle, we 

may say that for XOQ, 5 = — --. It is, as we have stated, 

o 
not absolutely necessary to introduce neaative angles, but cow- 
venient — the position of«the line OQ, for instance, might be 
determined by measuring from OX in the positive direction 

an angle = 27r — - as well as by measuring an angle in the 

negative direction = — . 
o 

Also positive and negative values of the radius vector are 
admitted. Thus, suppose the co-ordinates of Pto be j and a, 
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4 CO-ORDINATES OP A POINT. 

that is, let XOP=j and OP=a; produce PO to P', so 

that OP = OPy then P may be determined by saying its 

co-ordinates are - and — a. Thus when the radius vector is a 
4 

negative quantity, we measure it on the same line as if it had 

been a positive quantity but in the opposite direction from 0. 

Hence if /8 represent any angle and c any length the same 
point is determined by the polar co-ordinates yS and — c as by 
the polar co-ordinates tt + i8 and c. 

8. Let 05, y, denote the co-ordinates of P referred to OX 
as the axis of x, and a line through perpendicular to OX as 
the axis of y. Also let 6 and r be the polar co-ordinates of P. 
If we draw from P a perpendicular on OX, we see that 

a5 = rcos0, and y = rsm0. 

These equations connect the rectangular and polar co-ordi- 
nates of a point. From them, or from the figure, we may 
deduce 

a? + y^==r\ 2? = tan0, 

^ X 

9. We proceed to investigate expressions for some geome- 
trical quantities in terms of co-ordinates. 

To find an expression for the length of the line joining ttoo 
points^ 




Let P and Q be the two points ; © the inclination of the 
axes OX, OY. Draw PM, QN, parallel to OY; let x^,y^, be 
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LENGTH OF A LINE. 5 

the co-ordinates of P, and a?^, y„ those of Q. Draw PE 
parallel to OX. Then, by Trigonometry, 

PQ^ = Pie •hQie-2FB.QB cos PBQ 
= Pie+QIP + 2PB.QEcoa(D. 
But PB = ajj — ajj, and QB = y^ — y^ ; therefore 
P(y=(a?,-ajJ^+(y,-y,)* + 2(a^,-a?,)(y,~yJco8a>...(l), 
and thus the distance PQ is determined. 

If the axes are rectangular, we have 

P<2'=(ar.-ar,)' + (y.-y.)« (2). 

The student should draw figures placing P and Q in the 
different compartments and in different positions ; the equa- i 
tions (1) and (2) will be found universally true. 

From the equation (2) we have 

P(2»=a>.«+y.«+ a;.' + y.«- 2 Kx. + y.y.) (3), 

The following particular cases may be noted. 

If P be at the origin a?j = and y^ = ; thus 

If Pbe on the axis of a; and Q on the axis of y, yi = and 
a;„ = 0; thus 

P(^ = x,'^y,\ 

Let ^j, r^, be the polar cc^rdinates of P, and ^j, r,, those 
of Qi then, by Art. 8, • 

a:^ = r,cos^„ y, = r,sln^,, 

a;, = r, cos d,, y^ = r, sin 0^. 

Substitute these values in (3) and we have 

PQ^ = r,» + r/ ^ 2r,r, cos {9,-0;). 

This result can also be obtained immediately from the tri- 
angle POQ formed by drawing lines from P and Q to the 
origin. 
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CO-ORDINATES OF A POINT. 



10. To find the co-ordinates of the point which divides in a 
given ratio the line joining two given points. 




Let A and B be the given points, x^,i/^, the co-ordinates 
oiA, and x^, y,, those of 5; and let the required ratio be 
that of n^ to w^. Suppose C the required point, so that 
A : CB :: n^ : ??». Draw the ordinates AL^ BM^ CN; and 
AB parallel to Oi meeting CN in D. Let x, y, be the co- 
ordinates of G. 

It is obvious from the figure that 

LN ABAC 
NM" BE" CB' 



that is, 



^-^i ^^i. 



Similarly, 



X 



^ n^x^ + n^x^ 
n^ + n^ 






In this article the axes may be oblique or rectangular. A 
simple case is that in which we require the co-ordinates of the 
point midway between two given points ; then n^ = w, land 



i» = i(a;, + aj,), 
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^ AREA OF A TRIANGLE. 



11. To eoiyyress the area of a triangle in terms of tie co* 
ordinates of its angular points. 

Let ABC be a triangle ; let x^^ y , be the co-ordinates of 
-4 ; iCj, ^2? "those of jB; ajg, y,, those of C. Draw the ordinates 
AL, BM^ ON. The area of the triangle is equal to the 
trapezium ^5J!ft + trapezium 5CW3f- trapezium AGNL. 




L. M N X 

The area of the trapezium AjBML is ^LM{AL-\'B3r). 
This is obvious, because if we join BL we divide the trape- 
zium, into two triangles, one having AL for its base and the 
other BM, and each having LMiox its height ; 

thus, trapezium ABML = J (a;, — x^ {y^ + y^ ; 

also, trapezium BCNM= ^ [x^ — ^^ (^2+^3) 5 

and, trapezium A CNL ^\{x^ — x^ (y^ + ^g) ; 

therefore triangle ABG 

=H(^2-^i) (^i+yJ + K-^a) (y,+y8)-(^»-«'i) (yi+^a)}- 

This expression may be written more symmetrically thus ; 

By reducing it, we shall find the area of the triangle 

^hixj/.-x^y^^-x^^-'Xj/^^-x^y^-'Xj/;!^ (2). 

If the axes be oblique and inclined at an angle o), the area 
of the trapezium ABML = i^LM{AL + BM) sin o), and simi- 
larly for the other trapeziums. Thus the area of the triangle 
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8 LOCUS OF AN EQUATION* 

will be foHud by multiplying the expressions given above 
by sin ©. 

However the relative situations of A, B, C, may be changed, 
the student will always find for the area of the triangle the 
expression (2), or that expression with the swn of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expres- 
sion (2), and changing the sign of the result if it should prove 
negative. 

Locus of an equation. Equation to a curve. 

12. Suppose an equation to be given between two unknown 
quantities, for example, y — a; — 2 = 0. We see that this 
equation has an indefinite number of solutions,* for we may 
assign to x any value we please, and from the equation deter- 
mine the corresponding value of y. Thus corresponding to 
the values 1, 2, 3, ... of a?, we have the values 3, 4, 5, ... of y« 
Now suppose a line, straight or curved, such that it passes 
through every point determined by giving to x and y values 
that satisfy the equation y — a? — 2 = ; such a line is called 
the locus of the equation. It will be shewn in the next 
chapter that the locus of the equation in question is a straight 
line. We shall see as we proceed that generally every equa- 
tion between the quantities x and y has a corresponding locus. 

But instead of starting with an equation and investigating 
what locus it represents, we may give a geometrical definition 
of a curve and deduce from that definition an appropriate 
equation ; this will likewise appear as we proceed ; we shall 
take successively different curves, define them, deduce their 
equations, and then investigate the properties of these curves 
by means of their equations. We shall in the next chapter 
begin with the equation to a straight line. 

The connexion between a locus and an equation is the 
fundamental idea of the subject and must therefore be carefully 
considered; we shall place here a formal definition which we 
shall illustrate in the next chapter by applying it to a straight 
line. 

Def. The equation which expresses the invariable relar- 
tion which exists between the co-ordinates of every point of 
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EQUATION TO A CURVE. 9 

a curve Is called the equation to the curve ; and the curve, the 
co-ordinates of every point of which satisfy a given equation, 
is. called the locus of that equation* 

13. The student has probably already become familiar 
with the division of algebraical equations into equations of 
the first, second, third ... degree. When we speak of an 
equation of the w* degree Between two variables we mean 
that every term is of the form Ax'^y^ where g and ^ are zero 
or positive integers such that a + /8 is not greater than w, A is 
a constant numerical quantity, and the equation is formed 
by connecting a series of such terms by the signs + and — , 
and putting the result = 0. 

EXAMPLES. 

1. Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are 

(1) a:=l, y = l; (2) a; = -l, y = 2; 

(3) aj = -l, 2^=1; (4) a; = -.l, y = -l; 

and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are ' 

(1) ^ = |,r = 3; (2) ^ = -|,r = 3| 

(3) ^ = |,r = -3; (4) tf = _|, r = -3; 

and Indicate the points In a figure, 

3. The co-ordinates of P are — 1 and 4, and those of Q are 
3 and 7 ; find the length of PQ^ ^ • ' . t r . <, . 

4. Find the area 6f the triangle formed by joining the first 
three points in question 1. 

5. ^ is a point on the axis of x and B a point on the 
axis of y ; express the co-ordinates of the middle point of 
AB in terms of the abscissa of A and the ordinate of B] shew 
also that the distance of this point firom the origin = J AB. 
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10 EXAMPLES. 

6. Transform equation (2) of Art. 11 so as to give an 
expression for the area of a triangle in terms of the polar 
co-ordinates of its angular points. Also obtain the result 
.directly from the figure. 

7. A and B are two points and is the origin ; express 
the area of the triangle A OB in terms of the co-ordinates of 
A and 5, and also in terms of the polar co-ordinates of A 
and 5. 

8. Ay B, G, are three points the co-ordinates of which are 
expressed as in Art. 11 ; suppose B the middle point of ^jB; 
join CB and divide it in G so that CG:=2GB; find the 
co-ordinates of G. 

9. Shew that each of the triangles GAB, GBC, GAC, 
formed by joining the point G in the preceding question to 
the points A, B, C, is equal in area to one-third of the 
triangle ABC. See Art. 11. 

10. A and B are two points ; the polar co-ordinates of A 
are 0^, r^; and those of -B are 0^, r^, A line is drawn fi'om 
the origin bisecting the angle A OB; if C be the point 
where this line meets AB shew that the polar co-ordinates 

^ ^ ^ * ^1 + ^a 

11. Find the value of CB^ and AB^ in question 8 in terms 
of the co-ordinates there used ; and shew that 

^ AC' + BC' = 2Cir + 2AB'. 

12. Find the value of GA\ Gff, and G(P, in question 
9 in terms of the co-ordinates there used.; and shew that 

3 {GA'+ GB'-\- GC) = AB'+BC'+ CA\ 
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CHAPTER II. 

ON THE STEAIGHT LINE. 
14. To find the equation to a straight line. 




We shall first suppose the line not parrflel to either axis. 

Let ABD be a straight line meeting the axis of y in B. 
Draw a line OE through the origin parallel to ABD. In 
ABD take any point P; draw PM parallel to OF, meeting 
OXmM^jidiOE'mQ. 

Suppose OB=:c, and the tangent of EOX = m; and let 
a?, y, be the co-ordinates of P; then 

y^PM=PQ+QM 

' =:OB+QM 

= c+ Oiftan QOM 

= c + mx. 

Hence the required equation is 

y = mx + c. 

OB is called the intercept on the axis of y : if the line 
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EQUATION TO A STRAIGHT LINE. 



crosses the axis of y on the negative side of 0, c will be 
negative. 

m is the tangent of the ande QOM or BAOy that is, the 
angle which that part of the Tine which is above the axis of 
X makes with the axis of x produced in the positive direction. 
Hence if the line through the origin parallel to the given line 
falls between OF and OX, m is the tangent of an acute angle 
and is positive ; if between OF and OX produced to the left, 
m is the tangent of an obtuse angle and is negative. So long 
as we consider the same straight line m and c remain unchange- 
able, they are therefore called constant quantities or constants. 
But X and y may have an indefinite number of values since we 
may ascribe to one of them, as x, any value we please, and find 
the corresponding valvs of y from the equation y = mx + c ; 
X and y are therefore called variable quantities or variables. 

If the line pass through the origin, c = 0, and the equation 
becomes 

y^mx. 

15. We have now to consider the cases in which the line 
is parallel to one of the axes. 

If the line be parallel to the axis of a?, w = 0, and the 
equation becomes 

y = c. 

If the line be parallel to the axis of y, m becomes the 
tangent of a right angle and is infinite; the preceding investi- 
gation is then no longer applicable. We shall now give 
separate investigations of these two cases. 

To investigate the equation to a line parallel to one of the 
axes. 
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EQUATION OP THE FIRST DEGBEE. 13 

First suppose the line parallel to the axis of x. Let BG be 
the line meeting the axis of y in B\ suppose 0-8= J. 

Since the line is parallel to the axis of a?, the ordinate PM 
of any point of it is equal to OB, Hence calling y the 
ordinate of any point P, we have for the equation to the line 

Next suppose the line parallel to the axis of y. Let AD 
be the line meeting the axis of a? in A\ suppose OA = a. 
Since the line is parallel to the axis of y, the abscissa of any 
point of it is OA. Hence calling x the abscissa of any 
point, we have for the equation to the line 

x = a, 

16. We hav^ thus proved that any straight line whatsoever 
is represented by an equation of the first degree ; we shall 
now shew that any equation of the first degree represents a 
straight line. 

The general equation of the first degree is of the form 

Ax + By+ (7 = (1), 

Ay B, G, being finite or zero. 

First suppose B not zero ; divide by J?, then from (1) 

3^=-^-;5^ (^)- 

Now we have seen in Art. 14, that if a line be drawn 

G 
meeting the axis of y at a distance — -^ from the origin 

and making with the axis of a? an angle of which the tangent 

is — -5 , then (2) will be the equation to this line. Hence (2), 

and therefore also (1), represents a straight line. 

If -4 = 0, then by Art. 15 the line represented by (1) is 
parallel to the axis of x. 

If 5=0, then (1) becomes 

^a?+(7=0, 
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EQUATION IN TERMS OF THE INTERCEPTS. 



G 



^'^-l' 



and from Art. 15 we know that this equation represents a line 
parallel to the axis of y. 

Hence the equation Ax-\-By-\-C=^0 always represents a 
straight line. 

17. Equation in terms of the intercepts. The equation to 
a line may also be expressed in terms of its intercepts on the 
two axes. 




Let A and B be the points where the straight line meets 
the axes of x and y respectively. Suppose OA = a, 0B= J. 
Let P be any point in the line ; a?, y, its co-ordinates ; draw 
PJf parallel to OY. Then by similar triangles, 



that is, 



18. It will be a useful exercise for the student to draw the 
straight lines corresponding to some given equations. Thus 
suppose the equation 2y + 3a; = 7 proposed ; since a straight 
line is determmed when two of its pomts are known, we may 
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EXAMPLES OF STRAIGHT LIKES. 15 

find in anjr manner we please two points that lie on the line, 
and by joining them obtain the line. Suppose then a? = 1, it 
follows from the equation that ,v = 2 ; hence the point which 
has its abscissa = 1 and its ordinate = 2 is on the line. Again, 
suppose x = 2, then y = i ; the point which has its abscissa 
= 2 and its ordinate = i is therefore on the line. Join the 
two points thus determined and the line so formed, produced 
indefinitely both ways, is the locus of the given equation. 
The two points that will be most easily determined are 
generally those in which the required line cuts the axes. 
Suppose a: = in the given equation, then y = J, that is, the 
line passes through a point on the axis ofydXdk distance i 
from the origin. Again, suppose y = 0, then a: = J, that is, the 
line passes through a point on the axis of x Sit & distance 
i from the origin. Join the two points thus determined, and 
the line so formed, produced indefinitely both ways, is the 
locus of the given equation. What we have here ascertained 
as to the points where the line cuts the axis, majr be obtained 
immediately from the equation ; for if we write it in the form 

7 ^ f" ' 
and compare it with the equation in Art. 17, 

a^b ^' 

we see that a = 5 and J = J, 

Again, suppose the equation y=x proposed. Since this 
equation can be satisfied by supposing a;==0 and y = 0, the 
origin is a point of the line which the equation represents ; 
therefore we need only determine one other point in it. Sup- 
pose x=l, then y = 1; here another point is determined and 
the line can be drawn. The line may also be constructed by 
comparing the given equation with the form in Art, 14, 

y = mx. 

This we know represents a line passing throligh the origin 
and making with the axis of x an angle of which the tangent 
is m. Hence y = x represents a line passing through the 
origin and inclined at an angle of 45^ to the axis of x. 
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EQUATION IN TERMS OF THE PERPENDICULAR. 



Similarly the equation y = — a; represents a line inclined to 
the axis of x at an angle of which tne tangent is — 1 ; that is 
at an angle of 135*. Hence this equation represents a line 
through bisecting the angle between OY and OX pro- 
duced to the left in the figure to Art. 14. 

19. The student is recommended to make himself tho- 
roughly acquainted with the previous Articles before proceed- 
ing with the subject. In Algebra the theory of indeterminate 
equations does not usually attract much attention, and the 
student is sometimes perplexed on commencing a subject in 
which he has to consider one equation between two unknown 
quantities, which generally has an infinite number of solu- 
tions. 

Our principal result up to the present point is, that a straight 
line corresponds to an equation of the first degree, and the 
student must accustom himself to perceive the appropriate 
line as soon as any equation is presented to him. The line 
can be determined by ascertaining two points through which it 
passes, that is, by finding two points such that the co-ordinates 
of each satisfy the given equation, and the line being thus 
determined, the co-ordinates of any point of it will satisfy 
the given equation. 



20. Equation to a straight line in terms offlie perpendicular 
from the origin^ and the inclination of this perpendicular to the 



axis. 
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EQUATION IN TEBMS OP THE PERPENDICULAR. 17 

Let OQ hQ the perpendicular from the origin on a 
line AB. Take any point P in the line ; draw FM per- 
pendicular to OAy Jf-ATperpendicular to OQ, and FB perpen- 
dicidar tp jbGV". Suppose OQ==p, and the angle QOA^a. 
Let a;, y, be the co-oroinates of F\ then 

OQ=ON+NQ=ON+FB 

= OJf cos QOA + FMaiD. FMB 

s=a;co8a4-y sina. 

Therefore the equation to the line is 

ajcosa+y sina=^, 

21. We hare ^ven separate investigations of the different 
forms of the equation to a straight line in Articles 14, 17, 20; 
any one of these forms may however be readily deduced from 
either of the others by making use of the relations which exist 
between the constant quantities. The quantity which. we 
have denoted by J in Art. 17, that is OB, is denoted by c in 
Art, 14; • 

/. J = c (1). 

In Art. 17, 

- = tan5^0 = tan(7r-5^Z) 
= -tanAiX; 
m Art. 14 we have denoted the tangent of BAX by w, 

• /. ~— m (2). 

Li Art 20, OA (?osa« OQ, and OB sina= 0Q\ that is, 

^ = a cosasaj sina.... (3) ; 

therefore from (2) and (3), mss— cota (4). 

Also if the equation 

Ax-^-By-^r C«0, 
T. C. 8. % . 
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18 OBLIQUE CO-ORDINATES. 

represent the straight line tinder consideration, then by 
Art. 16, 

A n 

W > 

(6). 



A 


'in, 




C 
B~ 


c^h .,. 


A 
■•5 = 


cot a 


and 



B = 


P 
sma 



By means of these relations we may shew the agreement 
I the equations in Arts. 14, 17, 20, or from one of them 
deduce the others. 



By: 

of the 



22. The student may exercise himself by varying the 
figures which we have used in investigating the equations. 
Thus, for example, in the figure to Art. 17, suppose the point 
P to be in BA produced, so that it falls below the axis of a?. 
We shall still have 

PMAM PMx^a 

OB^AQ' ^"^ k ^ a ' 

Now since P is below the axis of x, its ordinate y is 
a negative quantity, hence we must not put PM=^y but 
PM= — y, because by PM we mean a certain length esti- 
mated positively. Thus 

y ^ x — a 



and therefore, as before. 



"'+1^=1. 



Ohlique Co-ordinates, 

23. Equation to a straight line. 

We shall denote the inclination of the axes by g). 

Suppose first, that the line is not parallel to either axis. 
Let ABD be a straight line meeting the axis of y in B. Draw 
a line OE through the origin parallel to ABD. In ABD 
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EQUATION TO A STRAIGHT LINE. 19 

take any point P; draw PJIf parallel to OY, meeting OX in 
Jf and OJE in Q. Suppose OjB = c, and the angle QOM^ol. 




But 



Let X, y, be the co-ordinates of P; then 

y^PM^PQ-^ QM^ 0B+ QM. 
QM sin a 



OM sin(6>-a)' 
a; sin a 



sin (o) — a) 
Hence the required equation is 

X sin a 

^ sm (o) - a) 

If we put m for -; — -. : the equation becomes 

^ sm(a) — a) ^ 

y = 7na? + c, 

as in Art. 14. The meaning of c is the same as before ; m is 
the ratio of the sine of the inclination of the line to the axis 
of a? to the sine of its inclination to the axis of y. Since 
sin a is always positive, m will be positive or negative accord- 
ing as sin (ft) — a) is positive or negative ; thus as before m 
will be positive or negative according as the line throuffh the 
oriffin parallel to the given line falls between OF and OX, 
or between OY and 0X\ The meaning of m coincides with 

that in Art. 14 when « = -r, for then wsstana. 
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20 EQUATION IN TERMS OP THE PERPENDICULAR. 

24. Since m = ~^—, ^. ; 

Bin (ft) — a) 

.'. m (sin G> cos a — cos ft> sin a) = sin a ; 
/. m (sin 0) — cos o) tan a) = tan a ; 
m sin ft) 



.a = 



1 + m cos ft) * 



TT . m sm ft) 

Hence sm a = 



cosa = 



±V(l + 2wC08ft) + w') ' 
1 + W cos ft) 

± V(l + 2»i cos ft) + m*) ' 



Since sin a is positive, we must take the upper or lower 
sign according as m is positive or negative. 

25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art. 16 with 
the requisite change in the meaning of the constant m. 

26. To find the equation to a straight' line in terms of the 
perpendicular from the origin, and the inclinations of the per- 
pendicular to the axes^ 




Let OQloe the perpendicular from the origin on a line AB; 
let OQ=pi OA = ay OB=b. If we suppose ^0-4 = a, we 
have (20-B=fii— a; denote this by /3; then 
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SYMMETRICAL EQUATION TO A STRAIGHT LINE. 21 

OQ=acoQa; .•, a = -^. 
cos a 



cos ' 
Substitute in the. equation. Art. 17, 



a o 






and we obtain 

a? cos a + y Sfj3 » ^. 

f 27. The following form of the equation to a straight line 
is often useftil. 




Let ^ be a fixed point in any Kne AB\ A, A, its co-ordi- 
nates ; let P be any other point in the line ; a;, y, its co- 
ordinates; let QP=r, and the angle BAX^a, Draw the 
ordinates PJf, QN\ and QR parallel to 0X\ then 



x—h sm (© — a) * 

= ^ ' = I suppose, 



y — h sm a 

' s: -, — = n suppose. 



aj — A y-^h 

thus -7— = ^^ = r. 

I n 
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a POLAB EQUATION TO A STRAIGHT LINE. 

For the equation to the line it is sufficient to put 



I 



n 



but it is uBeM to remember that each of these quantities is 
equal to r. 

If the axes are rectangular, I and n become respectively 
cos a and sin a, that is, the cosines of the inclinations of the 
line to the axes of x and y respectively. 

In the preceding figure P falls to the right of Q and a; — A 
is positive. K P were to the left of Q then x — h would be 
negative. Thus since x — h^lry the product Ir must be 
capable of changing it? sign ; this leads us to consider r as 

S)ositive or negative according to circumstances. When there- 
ore we write the equation to a straight line under the form 

x — h _y — k 

and ascribe to I and n the values given above, we conclude 

that each of the expressions — j — and is numerically 

V n 

equal to the distance between the point (A, h) and the point 

(a:, y), but that the sign of each expression will depend upon 

the relative positions of the two points. 

Polar Oo-ordimites. 
28. Polar equation to a straight line. 




Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line, P any point in the line. 
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FOBMS OF THE EQUATION TO A STRAIGHT LINE. 23 

Suppose 0(2=^, and the angle QOX^au Let r, d, "be the 
polar co-ordinates of P\ then 

OQ^OPqo%POQ] 

that is, ^ = r cos (5 — a). 

This is the polar equation to the line, 

29. The polar equation may also be derived from the 
equation referred to rectangular co-ordinates. Let 

Ax + By + G^O 

be the equation to a line referred to rectangular co-ordinates. 
Put r cos for x, and r sin ^ for y, Art. 8 ; thus 

^T-cos^ + ja-sin^+C^O (1), 

is the polar equation. This equation may be shewn to agree 
with 

^ = rcos(^-a) (2). 

For by Art. 21 we have 

A ^ ^ C p 

"5 = cot a and -5 = — :^-— . 
x> ^ sin a 

Hence (1) becomes 

cot a r cos 5 + r sin 5 — ^ = 0, 
sma 

which agrees with (2). 

30. The equation to a line passing through llie origin 
is, by Art. 14, 

y^mx. 

Put rcoad for x and rsin^ for y; the equation then 
becomes 

r sin ^ = m r cos ; 

.*. tan^s^m; 

.•. 5 = a constant ; 

this is therefore the polar equation to a line passing through 
the origin. 
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31. We "vriU collect here the different forms of the equa- 
tion to a straight line which have been inrestigated, 

y = mx H- Cy Arts. 14 and 23. 

0? = constant, or, ,y= constant, Arts. 15 and 25. 

- +f - 1 = 0, Arts. 17 and 25. 

a? cos a + y sin a —p = 0, Art. 20. 

sin a : a .^ «« 

y sr ^-r—. r oj + c, Art. 23. 

^ sin (ft) — a) 



X cos a + y cos ^ —p = 0, Art. 26. 

Art. 27. 



a; — A y — i 



I n 

^ = r cos (^ — a). Art. 28. 

-4rcos^ + £rsin^+(7 = 0, Art. 29. 

6 = constant. Art. 30. 

EXAMPLES. 

Draw the straight lines represented by the following 
equations : 

(1) y + 2a; = 4; (2) 2y-aj = 2; 

(3) y + x = -2; (4) x-2y = 4.; 

(5) y + 2a; = 0; (6) l = cosfd-j); 

(7) x^l', (8) <? = |; 

(9) tf = 0. (10) ^ = 1. 
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CHAPTER m. 

PEOBLEMS ON THE STltAiaHT LINE. 

32. We proceed to apply the results of the preceding 
articles to the solution of some problems. 

To jlnd the form cf the equcUion to a straight line which 
passes through a given point. 

Let x^y y^y be the co-ordinates of the given point, and 
suppose 

y = «ia: + c (1) 

to represent the straight line. Since the point (aj^, yj is on 
the line, its co-ordinates must satisfy (1) ; hence 

y^^rnx^^-c (2). 

By subtraction, 

y-y.^mix-x,) (3); 

this is the required equation. 

33. The equation (3) of the preceding article obviously 
represents what is required, namely, a line passing through 
the point {x^, yj. For the equation is of the first^degree in 
the variables x, y, and therefore, by Art. 16, must represent 
some straight line. Also the equation is obviously satisfied 
by the values x^^x^, y^y^', that is, the line which the 
equation represents does pass through the given point. The 
constant m is the tangent of the angle which the line makes 
with the axis of x, and by giving a suitable value to m we 
may make the equation (3) represent any straight line which 
passes through the assigned point. 
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EQUATION T0 A STIUIGHT LINE 




The geometrical meaning of equation (3) is obvious. For 
let AB be any straight line passing through the given point 
Q. Let P be any point in the line ; x, y, its co-ordinates. 
Draw the ordinates PM^ QN; and QB parallel to OX; then 

PB 

^ = tangent P(2i2; 

that is, ^LZ^i == tan BAX= m, 
which agrees with equation (3). 

34. In Art. 32 we eliminated c between the equations (1) 
and (2) and retained m ; we may if we please eliminate m 
and retain c* From (2) 



m: 



, — c 



X, 



Substitute in (1), thus 



y=^^ — x + c; 



X, 



This equation obviously represents a straight line passing 
through the given point, because it is an equation of the first 
degree and is satisfied by the values a? = ar^, y = y^, 

35. To find the equaJtion to the straight line which passes 
through two given points. 
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WHICH PASSES THBOUGH TWO GIVEN POINTS. 27 . 

Let a?|, yj, te the co-ordinates of one given point; a;,, y,, 
those of the other; suppose the equation to the straight line 
to be 

y^mx + c (I). 

Since the line passes through (a?j, yj and (a?^, yj, 

yi = «8a?j+c (2), 

yg = waj,+ c (3). 

From (1) and (2) by subtraction, 

y-y,= w(a;-a;,) (4). 

From (2) and (3) by subtraction, 

hence w=^^i^^*. 

Substitute the value of m in (4) and we have for the 
required equation 

2'-y'=S('»-^') (^)- 

We may also write the equation thus 

{^2-^i) iy-yd = (y«-yi) («-i»i)v (e). 

Some particular cases may here be noted. Suppose y^=y^ , 
then (6) becomes (a?, — x^ (y — Vj) = 0, therefore y = yj ; the 
required line is thus parallel to the axis of x, Simdarly if we 
suppose a?, = a?j, then (6) becomes {y^ — y^ (a?— a;j) = 0, there- 
fore x^x^; thus the required line is parallel to the axis of y. 
Lastly, suppose the point {x^,y^ to be the oririn; hence 
iCj5=0 and yj 5=0; thus (6) becomes x^y^y^x. The student 
should illustrate these particular cases by figures. 

36. The equation (6) of Art. 35 becomes by reduction 

K we compare the expression on the left-hand side of this 
equation with the expression in brackets in equation (2) of 

Digitized by VjOOQ IC 



28 PAEALLEL LINES. 

Art. 11, we see the only difference is that we have x and y in. 
the place of x^ and y^ respectively. Thus the equation, 
informs us that the area of the triangle formed by joining 
(a;,'y), (a?j, yj, {x^, y^) vanishes, as should evidently* be the 
case since the vertex {x, y) falls on the base, that is, on the 
line joining (a?,, yj to (a?„ y,). 

37, To find the equation to the straight line which passes 
through a given point and divides the tine joining two other 
given points in a given ratio. 

Let (A, k) be the first given point; let (aj^, y^), {x^, y) be 
the two other given points; let the given ratio in which the 
line joining the last two points is to be divided be that of n^ 
to n^; then, by Art. 10, the co-ordinates of the point of 
division are 

n^x, + n^x, n^y^ + n^y^ 

^i + «2 ' Wj + Wg 

Hence by equation (5) of Art. 35 the equation required is 

y«A:=-2i±I^ (x-A); 

^ n^x^-hn^x^ , \ 

w, + n. 



or 






38. To find the form of the equ^ation to a straight line 
iohich is parallel to a given straight line* 

Let the equation to the given straight line be 

y = m,x + c, (1), 

and the equation to the other straight line 

y^mx + c (2). 

Since the lines represented by (1) and (2) are parallel, they 
must have the same inclination to the axis of a;; hence 
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INTEESECTIOK OP STRAIGHT LINES. 29 

Thus (2) becomes 

The quantity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a given 
straight line, 

39. To determine the co-ordinates of the point of intersec" 
tion of tim given straight lines. 

Let the equation to one line be 

y^m^x + c^ (1), 

and the equation to the other 

y^m^ + c^ (2). 

The co-ordinates of the point where the lines intersect must 
satisfy hoth equations ; we must therefore find the values of x 
and y firom (1) and (2). Thus 

c. — C- c.m^ — c,w, 



m^ — m^ 



these are the required co-ordinates. 

40. To find the condition in order that three straight lines 
may meet in a point. 

Let the equations to the lines be respectively 

y = 7w,a? + Ci (1), y = m^ + c, (2), 

y^m^^-c^ (3). 

•The co-ordinates of the point of intersection of (1) and 
(2) are 

x = 

If the third line passes through the intersection of the first 
and second, these values must satisfy (3). Hence the neces- 
sary and sufficient condition is 



Wlj — «lj 





."h. 



m^ — m^ 
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that is, 



ANGLE BETWEEN GIVEN LINES. 



41. To find the angle between two given straight lines. 




Let ABC be one line and DEC the other ; let the equation 
to the former be 

Jjl y^mp + c^^ 

and the equation to the latter 

Then tan -4 GZ) = tan {GAX^ CDX) 

tan CAX-taxi GDX 



l + \»3iGAXtmCDX 



_^ Wj — m. 



1 + m^m^ * 
From this we may deduce 



cos ^C2? = 



AnACD^ 



1 + IWiWlj 



^|[{l+m^{l+mr)y 



Vt(l+m,")(l+0}- 



42. To find the form of the equation to a straight line which 
is perpendicular to a given straight line. 
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Let y^mx + c 

1)6 the equation to the given line, aiid 

y = mx + c' 

the equation to another line. Then the tangent of the angle 
letween these lines is 



wi — w 



1 + mm 
If these lines are perpendicular, 

1 + nim! = ; 



Hence 



/. m = — ^ , 
m 



^ m 



represents a line perpendicular to the line 
y = mx + c. 

43. The result of the last article may also be obtained 
thus, 




Let AB be the given line, so that tan BAX^ m. Let CD 
be a line perpendicular to AiB; then 

tan2>(7X=-tani)(70 

«:-C0tJ5^0 

m* 
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LINE PEBPBNDIGULAB TO A GIVEN LINE. 



Hence the equation to GD is 



X 






where 






44. To find the equation to the straight line which passes 
through a given pointy and is perpendicular to a given straight 
line. 



Let x^y y^, be the co-ordinates of the given point, and 
y = mx-\-c (1), 

the equation to the given Kne. The form of the equation to 
a line through (aj^, yj, is . 



(2). 



If (2) is perpendicular to (1), we have 

mm + 1=0. 
Hence the required equation is 



45. To find the equations to the straight lines which pass 
through a given point and make a given angle with a given 
straight line. 
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EQUATIONS TO CEBTAIK LIKES. 33 

Let AB ibe the given straight line ; G the given paint ; 
A, fc, its co-ordinates ; /3 the given angle. Let the equation 
to^JB be 

y = mx + c. 

Suppose CD and CE the two 'lines whicli can he drawn 
through Cy each making an angle jS with AB. Then 

tan ODX^ tan {BAX^-fi) 

mH-tan/3 
""l-mtan^S' 

tanaS'X«--tanCE4=.--tan08-.5ulZ) 

m — tanff 
1 + w tanks' 

Hence the equation to CD is 

, 7w + tan/8 , ,. 
•^ 1 - m tan /3 ^ ^ ' 

and the equation to CE is 

, m-tanff 
2^ ^-l+mtan^^^ '^J- 

46. The following particular cases of the preceding results 
may be noted. 

(1) Suppose m = ; then the given line is parallel to the 
axis of oj. The required equations then are 

y — A = tan/8 (a; — A), 

and y--A = — tan/8(a;--A). 

(2) Suppose m = CO ; then the given line is parallel to the 
axis of y. And since 

.. r, l+-tani8 
w + tan/S m '^ 



1 — w tan 8 1 X ^ 

'^ taniS 

m 



T. C. 8. 



Digitized by Google 



34 EQUATIONS TO CERTAIN LINES. 

we have when w = oo , and therefore — = 0, for the equation 
to CD J 

^'"^'""tfmiS^^""*^"""^*'^^^"'*)* 
Similarly the equation to CE becomes 
y — A:=i:cot)8(aj — A). 

(3) Suppose «i s= tan)5. In this casQ the equation to CD 
becomes 

, 2tan/3 , ,. 

that is, y — i = tan 2^ (a? — A) . 

The equation to CE becomes 

so that CE is parallel to the axis of x. 

(4) Suppose m = coti8. The equation to CD may be 
written. in the form 

(y - i) (1 - m tan )S) = (m + tan /8) (x - A) , 

and we see that when m = cot/8 the left-hand side is zero; 
thus the required equation is then ' 

a; — A = 0. 

The equation to CE becomes 



, cot )8 — tan iS , 
^-^= 2 ^(^- 



• ^ 2cos/9sini8 ('^""*^ 

= cot 2/9 (a? -A). 

(5) Suppose m = -tan)5. Then the equation to CD 
becomes 
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and the equatioji to CE becomes 

= - tan 2)8 (a; -A). 

(6) Suppose w = -cot^. Then the equation to Ch 
becomes. 

, tan/8 --cot/8, .. 

= - cot 2)8(0? -A). 

The equation to CE maj be written in the form 

(y -i) (1 + wtan)8) = (w-tan)8) (a?-A), 

and we see that when m = — cot/8 the left-hand member is 
zero ; thus the required equation is then 

aj-A = 0. 

(7) Suppose iS = - . The equation to CD may be written 

mcot/3 + 1 

y ^~ cot)8-w ^^ ^^' 

When )8 = - we have cot )8 = ; thus the equation becomes 

y-lc = -^{x-k). 

Similarly the equation to CE takes the same form ; and thus 
the result agrees with that of Art. 44. 

We have discussed these particular cases as an example of 
the manner in which the student should test his comprehen- 
sion of the subject by applying the general formulas to special 
examples. He will find it useful to illustrate these cases by 
figures. 
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47. To find the length of the perpendicular drawn from a 
given point upon a given straight line. 




Let AB be the given straight line ; D the given point ; 
A, k, its co-ordinates. Let the equation to AB be 



y = ??M5 + C. 



(1). 



The equation to the line through D perpendicular to AB 
is, bj Art. 44, 



y-^ = --(i»-*) 



m 



(2). 



Let a?i, y^, be tl;e co-ordinates of E\ then, bj Art. 9, 

i>^=:(a;,~A)' + (y^-i)» (3). 

It remains then to substitute for x^ and y^ their values in 
(3). Now, since aj^, y., are the co-ordinates of -E?, which is 
the point where (I) and (2) meet, we have 

y,=:wa?, + c, andy,-A = --(a;,-A); 

.'. mx. + c = i fe — A) ; 

wi + A — Tnc 



^ 1 + w* ' 
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and x^ — h — - 



1 + w* 
m 



1 + w' 
Also 

and y^^]c-—z-^ — 5- 



a (i — wA — c). 






"■ 1 + w- • 

Hence i?^^^ ^"^^"/ . 

The radical in the denominator may be taken with the posi- 
tive or negative sign, according as the numerator is positive 
or negative, so as to give for DE a positive value. 

We may also oWin the value of DE thus ; draw the ordi- 
nate Z)ilf meeting the line AB in H\ then 

DE^DH^mDHE 

^DHqo^HAM. 

Now OM^h\ .\ HM^mh + Cy and DM^k; 

/. DH^k — mh — c. 

Also txaHAM^mi /. cos ZTiJlf = -77-— — -r! 

V(l + wt') 

. m? k — mh — c 
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48. To find the hngth of the line dravmfrom cl given point 
in a given direction to meet a given line. 

Let (A, k) be the given point ; and suppose a line drawn 
from this point at ian inclination a to the axis of x to meet 
the line 

Ax + By-\-C^O (1). 

Let r be the required length; a?j, y , the co-ordinatfes of 
the point where the line drawn from (A, k) meets (1) ; then, 
bj Art. 27, 

OTj — A = rcos a, y^ — A i= r sin a (2). 

But {x^, yj is on (1), 

.'. -4(A + rcosa)+J?(A: + rsina) + (7-0; ' 

Ah-^Bk-^C 






-4cosa+J5sina' 



49. In this chapter we have used equations of the form 
y = ma? + c to represent straight lines. The student may 
exercise himself bv solving the problems by means of the 
more symmetrical forms of the equation to a straight line, 

5+1-1 = 0, 
a 

a; cos a + y sin a — ^ = 0. 

The results of course can be easily compared with those we 
have obtained. For example, if in Art. 47 we represent the 
given line by the equation 

Ax + By+C=Oy 

the result obtained should coincide with the value of 

k — mh — c 

7(1+^ 

A C 

when for m We write — -^ and — -^ for c ; that is, the result 

must be 

Ah+Bk+G 
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RULE FOR TRANSFORMING^ AN EQUATION. 39 

Similarly, if the given line be represented by 

X cos a +y sin a —p = 0, 
we shall find for the perpendicular on it from (A, Tc) 

± (A cos a + A: sin a — ^). 
Thus if the equation to a line be in the form 

a; cos a + y sin a —p = 0, 

the length of the perpendicular drawn from a point on this 
line is the numerical value of the expression on the left-hand 
side of this equation^ when for x and y are svhstituted the co^ 
ordinates of the given point This result is of such great im-? 
portance that we shall proceed to examine it more closely. 

50. We may however previously observe that if the equa- 
tion to a line be given in any form, we can immediately trans- 
form it so that it may be expressed in terms of the length of 
the perpendicular from the origin and the inclination of this 
perpendicular to the axis of x. For exajpple, suppose the 
equation to be 

2aj + 3y + 4 = 0. 

Change the sign of every term so that the last term may he 
negative; thus the equation becomes 

— 2aj - 3y - 4 = 0. 

Divide by V(2' 4- 3'0 ; thus 

2a; _^_ 4 _ 
"" 7i3 V13 713 "" 

This is of the form 

X cos a + y sin a —p = 0, 

In this example a is an angle lying between tt and — ♦ 
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Any other examplie may be treated in a similar manner — 
the rule being the following. Collect the terms on one side, 
and if necessary, change the signs so that the equation may 
be in the form Ax + By— (7^0, where (7 is positive; then 
divide by \l{J?-\-B^) ; thus the equation becomes 

^^ I By G _Q, 

this is of the required form, and 

A . B C 

Thus every equation representing a straight line may be 
brought to the form 

X cos a + ysina — p = 

where p is 2i, positive quantity, unleps the line passes through 
the origin, and then ^ = 0. 

When toe use Ae equation 

X cos a +^ sin a — j? = 

we shall always suppose ^positive, 

51. The line whose equation is 

a; cos a + y sin a — ^ = 

might be called " the line ( », a)," since the constants |? and a 
determine the line ; but when there is no risk of confoimding 
it with another line, it may be more shortly called " the line 
a," and the equation may be expressed shortly, thus, " a = 0." 

We shall now give another investigation of the expression 
for the perpendicular from a given point on the line (^, a). 

Let AB represent the line (^, a), the origin, P the 
point (05, y), so that P and are on opposite sides oi AB. 
Draw OQ, PZ, perpendicular to AB, and Pilf parallel to OF; 
through JIf draw aline parallel to AB, meeting OQ and jPZ, 
produced if necessary, in Q' and Z' respectively. 
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Then 0Q'= OMcoaa^xeoQa; PZ'«=PJf«ina=y sina; 
PZ^OQ' + PZ'- 0^ = 0? cosa+ysina-2?. 
Y 




If P and be on the same side of A£ we shall obtain for 
the perpendicular 

jp — a? cos a— ^ sin a. 

Jt will be found that these results will hold for all varieties 
of the figure. 

62. Or we may proceed as follows. 

Let X cosa + y sin«— ^ = (1) 

be the equation to a straight line, and let a?', y' be the co- 
ordinates of the point from which a perpendicular is drawn 
upon the line ; it is required to find the length of this p^*- 
pendicular. The equation to anjr line which is parallel to (1) 
and on the same side of the origin^ may be written thus 

xcoBa>^y sina— y = (2) 

where jp' is the perpendicular from the origin Tipon this line. 
If this line pass through the point {x', y), we must have 

x' cos a +y sin a —jp' *= ; 
.*. p' = X cos OL + y sin a. 

The length of the perpendicular from (a?', y') on (I) will be 
p'—p if the point and the origin are on difierent sides of the 
line, and^ — y if they are on the same side ; that is, 

a?' cos a + y' sin a —^ 
in the former case, and in the latter case 
^ — a?' cos a —y sin a. 
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42 LENGTH OP A PERPENDICULAR* 

If the line parallel to (1) be on the opposite side of the 
origin, its equation will be 

X cos (7r + a) + y sin (tt +a) —p = 0, 

where p is the len^h of the perpendicular from the origin 
upon it. If this line pass through the point (a?', y) we 
must have 

x' cos a + y' sin a ^p = ; 

/. p'^ — x cos a — y sin a. 

The length of the perpendicular from (a;', y) on (1) will be 
the sum of^' and^, that is, 

^ — a/ cos a —y sin a. 

We may now suppress the accents on x and y, and we have 
the same conclusion as before. 

53. Thus the perpendicular from the point (a?, y) on the 
line 

a; cos a + y sin a — p = 

is a;cosa+y sina-r-p, or /? — a; cosa — y sin a,. 

according as the point (a?, y) and the origin are on diflFerent 
jsides of the line or on the same side of it. 

The student will perceive that we speak here of the point 
(a?, y) and the line a; cos a + y sin a —p = 0, and that we use 
the same symbols x, y, in speaking of the point and of the 
line. But we do not mean that the point {x, y) is to be on 
the line, that is, we do not mean the x and y which are co- 
ordinates of the point (a:, y) to have the same values as they 
have for any point in the line x cos a +y sin a— jo = 0. We 
might use x\ y\ as co-ordinates of the point to prevent con- 
fasion, but it is found convenient to adopt the notation here 
used, as the advantages more than compensate for the in- 
creased attention which is required from the student in dis- 
tinguishing the different meanings of the symbols. 

54. We have in Art. 51 left the student to convince him- 
self by drawing the figures in different ways, that the per- 
pendicular from the point (a?, y) on the line [p^ a) is always 

+ (a? cos a + y sin a — 2>), 
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the ttjjper or lower sign being taken according as (a?, y) and 
the origin are on different sides, or on the 8am& side of the 
line (j?, a). We may also arrive at the result imperfectly, 
thus. We may first prove, as in Art. 47, that the perpendi- 
cidar must always be equal to one of the two expressions 

+ (05 cos a + y sin a — ^), 

and may then proceed to distinguish the cases. N*ow the 
expression x cos a + y sin a — p is negative when the point 
(re, y) is 'the origin, because it becomes then —p ; also it 
cannot change its sign so long as (a;, y) is taken on the same 
side of the hne as the origin because it cannot change its sign 
without passing through the value zero, and it cannot vanish 
imtil the point (a;, y) is on the line. Hence the expression 
remains negative so long as (a?, y) is on the same side of the 
line as the origin. Similarly, if the expression is positive 
when the point (a?, y) has any one position on the other side 
of the line, it will continue positive so long as (a;, y) is on 
that side of the line ; and it may be easily shewn that the 
expression can be made positive by suitable values of x and 
y ; hence it is always positive while (a?, y) is on the opposite 
side from the origin. We call this an imperfect method, 
because the sentence in italics on which it depends, has pro- 
bably not sufficiently attracted the student's attention up to 
this period of his studies to produce perfect conviction. 

55. If the equation to a line be x cos a -f y sin a = 0, so 
that » = 0, we shall still have it (a; cos a + y sin a) as the 
length of the perpendicular from the point (a?, y) on it. We 
may discriminate as follows, let the equation be so written 
that the coefficient of y \& positive; then for points on the 
same side of the line as Wit positive part of the axis of y, the 
perpendicular is x cos a + y sin a ; for points on the other side 
it is — (a; cos a + y sin a). This is easily shewn by comparing 
a few figures, or as in Art. 54. 

Ohliqvs Axes. 

56. The results in Arts. 32—40, hold whether the axes are 
Rectangular or oblique; in Art. 33, however, m must have 
that meaning which is required when th6 axes are oblique. 
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44 OBLIQUE AXES. 

To find the angle between two straight lima referred to 
oblique axes. 

Let 0) be the angle between the axes; y^m^x + Cj^ the 
equation to one line ; y = m^ + c^ the equation to the other. 
Let Oj, OL, be the angles which these lines make with the axis 
of X ; and fi the angle between them. 

By Art. 24 

m, sin (a ^ m, sin & 

tana.=-— -^ ; tanoL = 7— ^ 



1 -h Wj cos (o ^ 1 + m, COS 0) 



TT J. a J. / \ l + w^cosft) l+m.co8(o 

Hence tan p or tan (ol — a,) = ^ i g ^ 



(1 + wij cos 0)) (I + m^ cos ca) 
(mj — m,) sin g) 



"" 1 + («ij + m^ cos o) + m^m^ ' 
Hence the condition that the lines may be at right angles is 
1 + («»j + m^ cos 6) + m^m^ = 0. 

57. To ^rw? the length of the perpmdicular drawn from a 
given point on a given straight line. 

We shall proceed as in the latter part of Art. 47 ; the 
student may also obtain the result by the method in the 
former part of that Article. 




Let AB be the given straight line ; D the given point ; 
A, Tc^ its co-ordinates. 
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Let the equation to AB be 

Draw i)Saf parallel to OF, and i?-E perpendicular to AB\ 
then 

DE^DHmiDHE. 
Now DH=^ DM-HM^ * - (wA + c) = i - mA - c. 
Let BAX = a, then DHE or AHM^ © - a, 

and ^r— 7 r = w, (Art. 24.) 

. , . &ina sin© /* ^ «-\ 

/. Bin (ft) - a) = = ;., . ^ ; — jr ; (Art. 24) ; 

"*" V(l + 2w cos ft) -hm") * 

If a line be drawn from D to meet AB at an angle /S, its 
length will be DE cosec ^, and will therefore be known since 
DE is known. 

If the equation to a straight line be in the form given in 
Art. 26, namely 

aj cos a 4-y cos )8 —jp = 0, 

the length of the perpendicular on it from the point (a;', y'), 
will be 

f (a?' cos a + y' cos fi —p). 

This may be deduced from the preceding expression, or it 
may be obtained in the manner of Art. 51. 

JPolar Co-ordinates. 

58. To find the polar eqtmtion to the straight line which 
passes through two given points. 

Let rj, ^j, be the co-ordinates of one point; and r^, 6^^ 
those of the other ; and suppose the equation to the line 

rcos(^-a)=jp, 
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46 POLAR CO-ORDINATES. 

that is, r cobO cosa + ^ sin^ sina=^ (1). 

Since this line passes through the two points, we have 

rjCos^jCosa + riSin^jSina=^ (2), 

r, cos ^, cos a + rjj sin ^, sin a =^ (3). 

From (1) and (2) 

(r cos^--rjCOS^j)cosa+ {r sin^— r, sin^J sina = 0.,. (4). 

From (2) and (3) 
(rjCOS^j— rjCOS^Jcosa+(^iSin^j — ^jSin^g) sina = ... (5), 

r cos ^ — r, cos 6^ r sin ^ — r, sin 0, 
' * rj^cos^j — r^cos^j r^ sin ^^ — r^ sin ^^ * 

After reduction we obtain 

rr^sin {0^-0) +r,r,sin (^,-^J +r/sin(^-^J =0 (6). 

This equation has a simple geometrical interpretation ; for 
if we draw a figure and take for the origin, and A,B,P, for 
the points (r^, ^J, (r^, 0^), {r, 0), respectively, we see that 
equation (6) is the expression of the fact that one of the tri- 
angles OAF^ OBPy OAB, is equal in area to the sum of the 
other two. 

69. We have seen that a straight line is the locus of an 
equation of the first degree ; as we proceed it will appear that 
if an equation be of a degree higher than the first, the cor- 
responding locus will be generally some curve ; we may notice 
here some exceptional cases. 

Suppose the equation 

be proposed ; this equation may be written 
(a;-2a)' + y' = 0. 
Hence we see that the only solution is 
V = 0, a; = 2a. 
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Thus the corresponding locns consists onlj of a single point 
on the axis of a; at a distance 2a from the origin. 

Again, suppose the equation to be . 

a?" + y* + l = 0. 

No real values of x and y will satisfy this equation ; in this 
case then there is no corresponding locus, or as it is usually 
expressed, the locus is impossible. Thus, the locus corre- 
sponding to a given equation may reduce to a single point, or 
it may be impossible. 

60. We have seen that the equation to a single straight line 
is always of ihQ first degree; an equation of a higher degree 
than the first may however represent a locus consisting of two 
or more straight lines. For example, suppose 

y-«^ = (1); 

.'. y = a; (2), or y = -aj (3). 

If the co-ordinates of a point satisfy either (2) or (3), they 
will satisfy (1) ; that is, every point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
comprised in (3) is also comprised in (1). Hence (1) represents 
two straight lines which pass through the origin, and make 
respectively angles of 45® and 135® with the axis of x. 

61. An equation which only involves one of the variables, 
represents a series of lines parallel to one of the axes. Thus, 
if there be an equation f(x) = 0, we obtain by solving it a 

series of values for a;, as x^a^ or x = a^j and each of 

these equations represents a line parallel to the axis of y. 
Similarly f[y) == represents a series of lines parallel to the 
axis of X. 

An equation of the form y (-) = represents a series of 

lines passing through the origin ; for by solving the equation 

we obtain a series of values for ^, as^ = m„ ^ = m»,.... and 

X X ^ X " 

each of ^these equations represents a line passing through the 
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48 LOCI CONSISTtNG OP STRAmHT LINES. 

origin. Of course if an eqtJiation /(a?) 3=0, f{y)^0^ or 
/| 2l j = have no real roots, the corresponding locus is im- 
possible. 

The equation 

Af-vBxy + Cixf^O 
may be put in the form 

\x/ X 
Since this is a quadratic in ^ we obtain two values for it, 
suppose ^=m^ and^ = m,; hence the equation generally 

represents two straight lines passing through the origin. If 
B be less than 4-4 (7, then m^ and m^ are impossible, and the 
only solution of the given equation is a? = 0, y = ; that is, 
the locus is a single point, namely, the origin. 

62. It is obvious that if the locus represented by an equa- 
tion f{x, y) = passes through the origin, the values a; = 0, 
y = 0, must satisfy the equation. We can thus immediately 
determine by inspection whether a proposed locus passes 
through the origin or not. 

63. In Art. 39 we determined the co-ordinates of the point 
of intersection of two given straight lines : the proposition 
may be obviously generalised. Let j^(a;, y) = 0, j^(aj, y) = 0, 
represent two curves, then the co-ordinates of the points where 
they meet will be determined by solving these simultaneous 
equations. It may be shewn that if one equation be of the 
w* degree and the other of the w*, the number of common 
points cannot exceed mn. Hymers's Thecyry of Equations^ 
Art. 174. 

64. We will exemplify the articles of this chapter by ap- 
plying them to prove some properties of a triangle. 

The lines drawn from the angles of a triangle to the middle 
points of the opposite sides meet in a point. 

Let ABC be a triangle, i>, E, F, the middle points of the 
sides ; take A for the origin, AB for the direction of the axis 
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of a:, and a line through A perpendicular to AB for the axis 
of y. Let AB^a^ and let a?', y\ be the co-ordinates of C. 




A F JB ^ 

Since 2> is the middle point of CS, the abscissa of D is 
l{x' -t a) and its ordinate ^ (Art. 10) ; since E is the middle 
point of ^ (7, the abscissa of ^ is — and its ordinate ^ ; smce 
JF is the middle point of AB its abscissa is - and its ordinate 
zero. Hence by Art. 36, 

the equation to AD is i/= ?^ (1) ; 

the equation to BE is y= ^Jt."^^ (2) ' 

the equation to OF is V^ ^^^^Za ^^^' 

To find the point of intersection of (2) and (3) we put 

y'{x — a) _ y\2x — a) ^ 
X — 2a 2x —a ^ 

.'. (a? - a) {2x - a) = (2x - a) (a?' - 2a) ; 

.V 3aa; = a (a?' + a) ; 

.•. x — ^{a!-\-a). 

Substitute this value of a: in (2) and we find 

* 3 
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50 PROPEBTIES OP A TRIANGLE. 

We tave thus determined the co-ordinates of the point of 
intersection of (2) and (3) ; moreover we see that these values 
satisfy (1) ; hence the line represented by (1) passes through 
the intersection of the lines represented by (2) and (3), which 
proves the proposition. 

The lines drawn from the angles of a triangle perpendicular 
to the opposite sides meet in a point. 

The equation to PC is, (Art. 35), 

hence the equation to the line through A perpendicular to 
BG is, (Art. 44), 

X* — a ,.. 

y y-"' W- 

The equation to AC ia 

hence the equation to the line through B perpendicular to 
AG ia 

y=-^(aj-«) (5). 

The line through G perpendicular to AB will be parallel to 
the axis of y, and its equation will be, (Art. 15), 

x=:x' (6). 

Now at the point of intersection of (5) and (6) we have 

X* 

x=^x\ y = --7(a:'-a); 

and as these values satisfy (4), the line represented by (4) 
passes through the intersection of the lines represented by 

(5) and (6). 

The lines drawn through the middle points of the sides of 
a triangle respectively perpendicular to those sides meet in 
a point. 
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The equation to the line through D perpendicular to BC is 

y-h'—T^—T-) w- 

The equation to the line through E perpendicular to GA is 

-^-?(-s <"• 

The equation to the line through jF perpendicular to AB is 

^=1 w- 

Now at the point of intersection of (8) and (9) we hare 

_ a _ y ^ V^ ^\ 

these values satisfy (7) ; hence the lines represented by (7), 
(8), and (9), meet in a point 

Let us denote by P the point of intersection of the three 
lines in the first proposition, by Q the point of intersection of 
the three lines in the second proposition, and by JS the point 
of intersection of the three lines in the third proposition ; we 
will now prove that P, Q^ and JB, lie in one straight line. 
The co-ordinates 

ofPare a? = J(a;' + a), y = ^; 

of Q are aj = a?', y = -? (a —a?') ; 

Hence the equation to the line passing through P and Q is 
y 3 V-J(a!' + a)r 3 ) ^^^^' 
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In this equation put a: = - , then 

.V y<-'"-8 /a ,■^ 

^ 3 4(2aj'-a) Vb 3/ 






2y ' 3 ' 6 

^ 2 "^ 2y • 

Hence the point jB is on the line represented by (10), for the 
co-ordinates of i? satisfy (10). 



EXAMPLES. 

1. Find the equations to the lines which pass through 
the following pairs of points : 

(1) (0, 1), and (1,-1). 

(2) (2, 3), and (2, 4). 

(3) (1, 1), and (-2,-2). 

(4) (0, -a), and (0, -J). 

2. Find the equations to the lines which pass through the 
point (4, 4) and are inclined at an angle oi 45° to the line 
y =3 2a?. 

3. Find the equations to the lines which pass through the 
point (0, 1), and are inclined at an angle of 30° to the line 
y + a;=:2. 

4. Find the equations to the lines which pass through 
thd origin and aife inclined at an angle of 45° to the line 
a; ='2. 
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5. Find the equations to tlie lines which jpass through 
the origin and are inclined at an angle of 60 to the line 

6. Find the an^le between the lines aj+y = l, y = a? + 2; 
also find the co-ordinates of the point of intersection. 

7. Find the angle between the lines a? + y V3 = and 
a;-yV3 = 2, 

8. What is the angle between a; + 3y = 1 and a?— 2y = 1 ? 

9. Find the equations to the lines passing through a 
given point in the axis of a?, and making an angle of 45^ 
with the axis of x. 

10. Find the equation to the line which passes through 
the origin and is perpendicular to the line a; + y ^ 2. 

11. Find the perpendicular distance of the point (1, — 2) 
from the line a: +y ~ 3 = 0. 

12. Fin(| the length of the perpendicular from the point 
(a, b) on the line - + f = 1. 

13. Find the co-ordinates of the point of intersection of 

the lines - + f = 1 and t +'^ = 1. 
a o a 

14. Find the equation to the line which passes through 
the point (a, J), and through the intersection of the lines 

ah a 

15. Shew what loci are represented by the equations 

(1) aj^ + y' = 0, • (2) a^-y« = 0, 

(3) a?+a?y=0, (4) ary = 0, 

(5) a:' + y* + a* = 0, (6) a?(y-a) = 0. 
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16. Interpret 

(1) (x-a)(y-J)=o, 

(2) (x-a)«+(y-ft)* = 0, 

(3) (a;-y+a)'+(ic + y-a)* = 0. 

17. What straight lines are represented by the equation 

y»-4a?y + 3a" = 0? 

18. Shew that Sjr" - Say - 3i»" + 30a; - 27 = represents 
two straight lines at right angles to one another. 

19. Find the equations to the diagonals of the four-sided 
figure, tlie sides of which are represented by the equations 

a; = 4, y^^hy y = a?, y = 2a;. 

20. ABGDEF is a regular hexagon; take A for the 
origin, AB as axis of a;, and a line through A perpendicular 
to AB as axis of y ; find the equations to all the lines joining 
the angular points of the hexagon. 

21. Given the co-ordinates of the angular points of a 
triangle, find the equation to the line which joins the middle 
points of two sides. 

22. Find the tangent of the angle between the lines 

y — mx — and my + a? = 0, 
when referred to oblique axes. 

23. Shew that whether the axes be rectangular or oblique 
the lines y + a? = and y — a; = are at right angles. 

24. Given the lengths of two sides of a parallelograin and 
the angle between them, write down the equations to the 
two diagonals and find the angle between them ; taking one 
of the comers as origin, and the two sides which meet in that 
comer as axes. 

25. In the figure to Art. 76, take BA and BC as the axes 
of a? andy; suppose jR4 = a, BG=^c; and let A, k, be the 
co-ordinates of jD; then form the equations to J. (7, BB, 
AB, CB. 
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26. With the notation of the preceding question, find the 
co-ordinates of the middle point of AG and those of the 
middle point oiBD, and form the equation to the line passing 
through these two points. 

27. With the same notation find the co-ordinates of the 
middle point of EFy and thus shew that this point lies on 
the line joining the middle points of -40 and BJ). 

28. If — h T = 1> and -7 + ^ = 1, he the equations to two 

a o a o 

lines, which with the co-ordinate axes (rectangular or ob- 
lique) contain equal areas, and x\ y\ be the co-ordinates of 
the point of their intersection ; shew that 

y' J>-V 

oi. a'— «* 

29. What points on the axis of ^ are at a perpendicular 

distance a from the line -4-^ = 1? 

a 

30. Fonn the equation for determining the abscissa of a 

point, in the straight line of which the equation is - +^ = 1, 

whose distance from a given point (a, )3) shall be equal to a 
given line c. Shew that there are in general two such points, 
and in the particular case in which those points coincide 

31. Find the tangent of the angle between the two lines 
represented by the equation 

32. Find 'the points of intersection of the straight lines 

a? + 2y — 5 = 0, 2a; + y — 7 = 0, and y — a? — 1 = ; and shew 

3 
that the area of the triangle formed by them is - . 

33. The area of the triangle formed by the straight lines 

y = ajtana, y = ajtan/9, y = a?tan7 + c, 

^ sin(a — )8) cos*7 

IS — ^ — ^ — , 

2 sin (a — 7) sin (13 — y) 
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34 Given the equations to two parallel straight lines, 
find the distance between them. 

35. Detennine the angle between the lines 

- = 4 cos ^ + 3 sin ^, - = 3 cos ^ — 4 sin 0. 
r r 

36. Interpret F{0)^O; for example, sin S6 = 0. 

37. If the axes be inclined at an angle a>, the condition 
that the lines 

Ax + Bi/+ (7 = 0, A'x + By+ (7' = 0, 

may be equally inclined to the axis of x in opposite direc- 
tions is 

B B ^ 

"2 + -J? = 2 cos ft>. 

38. In the preceding question, if besides being equally 
inclined to the axis of x the lines pass through the origin 
and are perpendicular to one another, the equation to the 
straight lines is 

aj*+ 2ajy cos © +^ cos 2a> = 0. 

39. Two parallel lines are drawn at an inclination 6 to 
the axis of x through the two points whose co-ordinates are 
a, J, and a\ V ; shew that the distance between these lines 
is (b' — 6) cos —{d — a) sin 0. Hence determine the rect- 
angle whose sides pass through four givea points, and whose 
area is given. 

40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed lines at 
right angles to each other in the plane of the square ; shew 
that the extremities of the other diagonals will at the same 
time move upon two other fixed straight lines at right angles 
to each other. 

41. AB and BG are two lines perpendicular to each 
other, ^ is a fixed point, B moves along a given right 
line, and AB to BC is a given ratio ; determine the locus 

of a 
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42. OX and OF axe fixed lines meeting in any angle; 
a line of given length slides along OX, and another line 
of given length slides along OY. Find the locus of a point 
which is so taken that the sum of the areas formed by joming 
it to the ends of the moving lines is constant. 

43. Shew that the lines FO, KB, AL, in the figure to 
Euclid I. 47, meet in a point. 

44. If upon the sides of a triangle as diagonals, paral- 
lelograms be described, having their sides parallel to two 
given lines, the other diagonals of the parallelograms wiU 
meet in a point. 

45. If firom a fixed point a straight line be drawn 
OABCD... meeting in -4, -B, C,D,... any given fixed straight 
lines in one plane, and if 

OX' OA'^ OB'^VC'^"' 
X being a point in OAj the locus of X is a straight line. 

46. Shew that the area of the triangle contained by the 
axis o{y and the lines 

jo. 'Cry 



is 



2(w,-w,) 



47. Determine the area^of the triangle contained by the 
lines 

y^mjX + c^; y^m^ + c^, y = w^ + c,. 

48. The area of the triangle formed by the three straight 
lines 

he T^ €tc ah 

y=^"2"' y-^^-g-' y^^^"2"> 



18 



(a,5)(5,c)(c~a) 
8 
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CHAPTER IV. 

STliAIGHT LINE CONTINUED. 

65. We have seen that each of the equations 

represents a straight line. We will now interpret the equa- 
tion 

Ax + By+C+\{A'xA-B'y'^O') = (1), 

where X is some constant quantity. 

I. Equation (1) must represent some straight line, because 
it is of the first degree in the variables x, y. (Art. 16.) 

n. The line represented by (1) passes through the inter- 
section of the lines 

Ax ^By + C =^0 (2), 

Ax-vBy-^ (7'=0 (3). 

For the values of x and y which satisfy simultaneously (2) 
and (3) will obviously satisfy (1) ; that is, the point in which 
(2) and (3) intersect fies on (1). . 

III. By giving a suitable value to the constant X the 
equation (1) may be made to represent any straight line which 
passes through the intersection of (2) and (3). 

For let x^,y^^ denote the co-ordinates of the point of inter- 
section of (2) and (3) ; suppose any line drawn through this 
point and let x^, y^y be the co-ordinates of another point in it. 
Now we have already shewn in II. that the line (1) passes 
through {x^,y^; we have therefore only to prove that by 
riving a suitable value to X the line (1) can be made to pass 
through (a?,, yj, because two straight lines which have two 
common points must coincide. Substitute aJj, y^, for x and y 
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respectively in (1), and determine X so as to satisfy the equa- 
tion. Thus 

Now use this value of X in (1) ; then the equation 

represents a straight line passing through (aj^, yj and (a;,, y^. 

We have thus proved that by giving a suitable value to X, 
the equation (1) will represent any straight line passing 
through the intersection of (2) and (3). 



66. The precedinff article is very important, and com- 
monly presents difficiuties to beginners. The student should 
not leave it until he is thoroughly familiar with the three 
propositions which are contained in it. The first proposition 
IS obvious. To prove the second proposition the student may, 
if he pleases, actually find the values of x and y which satisfy 
simultaneously Ax '\-By-\- G ^0^ and Ax + B'y + (7' = 0, 
and convince himself, by substituting these values, that they 
do satisfy u4a? + -B^ + <7 + X {A'x + J5'y + C) = 0. There is, 
however, no necessity for solving the first equations, because 
it is evident that values of x and y which make Ax + ]^+ G 
and A'x + By + G' vanish simultaneously must make 
Ax •\-By+ G+X {A'x + B'y + G') vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding article is usually the most dif- 
ficult — the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving difierent values 
to X, different lines are represented, and that we can thus 
obtain as many lines as we phase, but this does not shew 
that we can by a sjiitable value of X in (1) represent any 
line passing through the intersection of (2) and (3). 

For example, if the straight lines (2) and (3) be D8E and 
!F8G respectively, it might have happerved that all the lines 
represented by (1) fell within the angle F8D and none 
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within iTSE It requires to be proved then that hj giving to 
X a suitable value in (1) we can obtain the equation to ani/ 
line through 8. 

67. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for examijle, in Art. 51 we have used the 
s^jrmbol a as an abbreviation for a^cosa + y sina — »• In 
like manner we may denote such expressions as -4a? + ^ + (7, 

y'-'mx-Cy --ff-1,. 



by single symbols, as u,Vy. 



Now it will be seen that the demonstration in Art. 65 applies 
to any form of the eauation to a straight line as well as to 
the form Ax + By + U==0 which we have used. Hence the 
result may be enunciated thus: — if « = and t; = be the 
equations to two straight lines, and X a constant quantity, 
the equation « + Xv = will represent a straight line passing 
through the intersection of the two lines ; and by giving a 
suitable value to X, the equation will represent any straight 
line passing through the intersection of the two lines. 

68, If w = and t? = be the equations to two straight 
lines, then as we have shewn, u+\v = will represent a. 
straight line passing through their intersection ; it is sometimes 
convenient to use the more . symmetrical form ?w + wt; = 0, 
where I and m axe both constants. It is obvious that what has 
been said respecting the first form applies to the second ; in 

fact the second is deducible from the first by writing y for X. 

It must be remembered throughout this chapter that Z, m, 
«,... X,... are constants, though for shortness we may omit to 
state it specially in every article. 
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69. Similarly if w = 0, t? = 0, «> = 0, be the equations to 
three straight lines, and I, m^ n, be constants, the equation 

?M + wiv + nw = 

will represent a straight line. Moreover, by giving suitable 
values to I, m, n, we may make this equation represent any 
straight line whatsoever. For suppose we wish this equation 
to represent the straight line passing through (oj^, y^) and 
(ojg, y,). Let Wj, v^, t(? , denote the values of u, v, w, respect- 
ively when we put x tor a? and y^ for y; and let «,, v,, w,, 
be the respective values when x^ and y^ are put for x and y 

respectively. Then determine the values of y and j from 

the equations 

lu^ + wvj + nwj^ = 0, 

lu^ + rnv^ + nw^ = ; 

suppose we thus find 

m __ /^ ^ ^^ 

substitute these values in the equation 

fn n 



and we obtain 



M + -TV+ytt? = 0, 



U» V 



or Xt* + /Av + i^M? = 0, 

which represents the line passing through the points (a;^, yj 
and (ajg, yj. We suppose in this article that m = 0, t; = 0, 
w^Oy represent different lines ; and the demonstration fails 
if the lines all meet in a point, or are all paralleL When the 
lines represented by w = 0, i; = 0, «? = meet in a point, then 
the equation 

Ztt + wv + Wt(7 = 

represents a line which necessarily jpa««e5 through this point; 
the equation therefore will not, in this case^ represent <my 
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straight line. And when the lines represented by w = 0, 
V = 0, to = axe parallel, the equation 

represents a line which is parallel to the three given lines ; 
the equation therefore will not, in this case, represent any 
straight line. 

70, Let a = 0, ^8 = 0, be the equations to two lines ex- 
pressed in terms of the perpendiculars from the origin and 
their inclinations to the axis of a; (see Art. 50), so that a is an 
abbreviation for a: cos a + y sin a— j?^, and fi is an abbre- 
viation for a? cos )8 + y sin p — ^, ; we proceed to shew the 
meaning of the equations a — )8 = and a + ^8 = 0. 



Let 



'8A be the line a = 0, 
SB /3 = 0; 




let 8C bisect the angle A SB, and SB bisect the supplement 
of ASB; the angle BSG is therefore a right angle. Take 
any point Pin SU and draw the perpendiculars PM, PN^ on 
SA, SB, respectively. If x, y, be the co-ordinates of P, the 
length of Pm is a by Art. 64, and the length of PN is fi. 
Since SO bisects the angle ASB, PM=^PN; therefore for 
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any point in SG we have 13 = a; that is, the equation to 
SC ia 

Similarly, the equation to SB is 

Thus a — ^ = and a + )9 = represent the two lines which 
pass through the intersection of a ~ and ^ = and bisect 
the angles formed by these lines. 

71. The student must distinguish between the lines 
a — ^ = and a + /3 = 0; the following rule may be used: 
the two lines a = 0, )8 = 0, will divide the plane in which they 
lie into four compartments ; ascertain in which of these comr 
partments the origin of co-ordinates is situated; a — )8 = 
bisects that angle between a = and )8 = in which the 
origin of co-ordinates lies. This is obvious from the investi- 
gation in the preceding article and the remarks in Arts. 
53, 54. \^ 

The equation a + X/8 = represents a line such that X is 
numerically equal to the ratio of the perpendicular from anj 
point of it on a = to the perpendicular on ^ = 0. If X is 
positive the line a + X^ = lies in the same two of the four 
compartments Just alluded to as the line a+^ = 0; ifXbe 
negative the Ime a + X^ = lies in the same two compart- " 
ments as the line a — ^ = 0. From the figure to Art. 70, 
we see tlhit PM= F8 ain P8M and PN= PS sin PSN; hence 

X or -p^^—, — pqi^*, that is, X expresses the ratio of the sine 

of the angle between a = and a + X^ = to the sine of the 
angle between ^ = and a + X^ = 0. 

72. We shall continue to express the equation to a straight 
line by the abbreviation a = when the equation is of the 
form X cos a + y sin a — j? = ; when we do not wish to re- 
strict ourselves to this form, we shall use such notation as 
tt=:0, t; = 8, t*' = 0, 

Let w = 0, V = 0, be the equations to two lines, the axes 
being rectangular or ohli^; then m~Xv = and u +Xt? = 
represent two linty paasmg through^ the intersection of the 
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first two. Suppose, as in Art. 70, that 8A, fiS, are the first 
two lines and 80, SB, the second two ; then wUl 

Bin C8ABmD8A 
BinCSB Bin D8B* 

For by Art. 57 it appears that if » he the perpendicular 
firom a point (a?, y) on the line w = 0, then^ s= fiu, where fi is 
a constant quantity; similarly if y denote the perpendicular 
from the same point on t? = 0, then j?' = /tV, where fi! is a con-^ 

stant quantity. Hence the equation le — X/i?«6, or •^— -v=0 

shews that ^ = -^; thus we see that numerically without 
p fi ' 

regard to algebraical sign 

sin C8A __ \fi 
BmCSB'^y 

Similarly, ^j_^^-g=._,; 

Bin C8A BmBSA 
•'• Bin GSB" Bin B8B' 

73. We will apply the principles of the preceding articles 
to some examples. 

Let a = 0, i8 = 0, 7 = 0, be the equations to three lines 
which meet and form a triangle, and suppose the origin of 
co-ordinates within the triangle ; then the equations to the 
three lines bisecting the interior angles of the triangle are, 
by Art. 70, 

^-7 = 0.. .(1); 7-a = 0...(2); a-^ = 0...(3). 

These three lines meet in a point; for it is obvious that 
the values of x and y which simultaneously satisfy (1) and 
(2) will also satisfy (3). 

Again the equations to the three lines which pass through 
the angles of the triangle and bisect the angles supplemental 
to those of the triangle are 

i8 + 7 = 0...(4);^ 7 + a=0...(5); o + i8 = 0...(6). 
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It is obvious that (3), (4), and (5), meet in a point; simi- 
larly (5), (6), and (1), meet in a point; so likewise (4), (6), 
and (2), meet in a point. 

In all our propositions and examples of this kind, we shall 
always suppose the origin of co-ordinates within the triangle, 
unless the contrary be stated. 

74. If a = 0, )8 = 0, 7 = be the equations to three lines 
which form a triangle, then any line may be represented by 
an equation of the form la + m0 + ny = 0; for the exceptional 
cases noticed at the end of Art. 69, cannot occur here. 

Let a, h, c denote the lengths of the sides of the triangle 
which form parts of the lines a=s0, ^ = 0, 7 = respectively. 
Take any point within the triangle and join it with the 
three angular points ; thus we obtain three triangles the areas 

of which are respectively — 17- , — ir > and — ^ . Hence 

aa + &)8 + C7 = a constant; 

the constant being in fact twice the area of the triangle taken 
negatively. 

This result holds obviously for any point within the triangle 
determined by a = 0, ^ = 0, 7 = 0. It will be found on ex- 
amining the diiferent cases which arise that it is also true for 
any point without the triangle. Hence it is universally true. 

Suppose we require the equation to a line parallel to the line 
h. + w/8 + wy = 0. 
This required equation may be written 
ZaH-w^ + n74-A = 0, 
where i is a constant. (Art. 38.) 

Or, since aa + J/S + 07 is a constant, the required equation 
may Ijc written thus 

fa 4- w)8 + n7 + i' (aa + 6/8 + C7) = 0, 

where %' is a constants 

^' ^* ®* Digitized by G^OglC 



66 EXAMPLES OF ABRIDGED NOTATION. 

75. The lines represented by the equations w = 0, v = 0, 
t^ s= 0, will meet in a point, provided lu+ mv + nw is iden- 
tically = 0; I, m, n, being constants. . For i{ lu + mv-hnw^O 
identically, w& have 

lu+mv 



W=^' 



n 



Hence the equation w = may be written 
lu + mv __ 
n 

that is,, the line to = is a line passing through the inter- 
section of w = and t; = 0. 

76. The following example will furnish a good exercise 
in the subject. 




B A £2 



Let ABCD be a quadrilateral; draw the diagonals AC, 
BD; produce BA and CZ>to meet in E, and AD and BC to 
meet in F; join EF, forming what is called the third diagonal 
of the quadrilateral. Suppose 

w = 0, the equation to AB, (1), 

t^=0, BG, (2), 

w = 0, CD, (3). 

We propose to express the equations to the other lines of 
the figure in terms of u, v, w, a-nd constant qugintities. As- 
sume for the equation to BD 

lu-^mv^O (4), 
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and for the equation to CA 

mv'-nw=:0 (5). 

These assumptions are legitimate, because (4) represents 
soTue line passing through J5, whatever be the values of the 
constants I and m ; by properly assuming these constants, we 
may therefore make (4) represent BD, Also (5) represents 
some line through (7, and by giving a suitable value to n, we 
may make it represent CA, vVe may if we please suppose 
one of the three constants I, m, n, equal to unity, but for the 
sake of symmetry we will not make this supposition. The 
equation to AD is 

lu'^mv + nw=iO (6) ; 

for (6) represents a line passing through the intersection of 
lu — 7nv = and w = 0, that is, a line through D; also (6) 
represents a line passing through the intersection of w = 
and mv — nw^ 0, that is, a line through A. Hence (6) re- 
presents u4 A The equation to ^jF is 

Zm + wwj = (7) ; 

for (7) obviously represents some line through E^ and since 
lu-{-n}jo = lu-'mv-\-nw-\-mv, (7) represents some line through 
F. Hence (7) represents EF. 

Let G be the intersection oi AC and BD. The equation 
to EG is 

lu^nw==0 (8) ; 

for (8) represents a line passing through the intersection of 
(1) and (3), and also through the intersection of (4) and (5). 
The equation to FG is 

lu — 2mv +ni^=0 (9) ; 

for (9) represents a line passing through the intersection of 
(4) and (5), and also through the intersection of (2) and (6). 

Suppose BD produced to meet EF in H^ and AC and 
EF produced to meet in K] then it may be shewn that the 
equation to 

AHiQ 2lu — mv + 7110 = 0, 
that to CH is mv + nw = Oy 
....r.r.. KB is lu-{-mv = 0, 
KD is lu — mv + 2nw =0. 
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We have introduced this example, not on account of any 
importance in the results, but as an exercise in forming the 
equations to lines* We proceed to another example. 

77. If there be two triangles such that the lines joining 
the corresponding angles meet in a point, then the intersec- 
tions of the corresponding sides lie in a straight line. 




^^."-'X' 



Let ABG be one triangle, A'B'C the other triangle; let ;S^ 
be the point in which the lines AA\ BB\ CG\ meet. Let 
the equation to BC be w = 0, to CA v = 0, and to AB w = 0. 
Assume for the equation to 

EG' I'u + mv +nw = (1), 

and to CA' lu +m'v + W=0 : (2). 

It is shewn in Art. 69 that the equation to B'G' may be 
written in the above form, and by the method of that article 
it may be shewn that by giving suitable values to the con- 
stants Z, m\ we may make (2) represent G'A', We will now 
prove that the equation to A'B' may be written in the form 

lu'\-mv-\-nw = (3). 

The constant n' may be obviously determined, so as to 
make the line represented by (3) pass through A' ; let n be 
so determined ; it remains to shew that the line (3) will pass 
through B. From (1) and (2) it follows that the equation 

{V^l)u-\-{m-m)v^{) (4) 

represents some line through C' ; but (4} obviously represents 
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a line passing through the intersection otBC and CA. Hence 
(4) is the equation to CC\ 

Again," the line represented by (3) by supposition passes 
through A'; hence from (2) and (3) we see that 

(tw' — w)t7+ (» — «') tt? = (5) 

is the equation to AA\ 

The equation 

(Z'^Z)w + (n-n')ti?=0 (6) 

represents a line passing through the intersection of BC and 
AB, that is, through B; and from (4) and (5) it follows that 
this line passes through the intersection of CC and AA', 
that is, through S. Hence (6) is the equation to SB. 

Now from (1) and (3) it follows that the lines represented 
by these equations meet on the line (6). Hence (3) is the 
equation to A'B'. 

The required proposition now easily follows : for the line 
represented by 

lu + mv + nio^O , (7) 

passes through the intersection oi BG and BC'y of CA arid 
G'A', and of AB and A'B; that is, these three intersections 
are in the same straight line. 

Conversely, if there be two triangles such that the inter- 
sections of the corresponding sides lie in a straight line, then 
the lines joining the corresponding angles meet in a point. 
To prove this we may begin with the equations to BC, CA^ 
AB, B'C, CA' as before, and assume (3) as the equation to 
some line through A. Then (7) will represent the line pass- 
ing through the intersection oi BC and BC\ and of CA and 
C A'; now (3) is the equation to a line passing through the 
intersection of AB and (7) ; henoe (3) must be the equation to 
AF. Then from the form of (1), (2), and (3), it follows im- 
mediately that CC passes through the intersection oiAA' 
and BB. 

It may be shewn also that the equation to the Kne. which 
passes through the intersection of AB and^'C", and of AC 
and A'B is 

lu + mv + nw = (8)» 
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And the intersection of (8) with BC will lie on the line 

I'u + mv + n'w^b ,. (9). 

Similarly the line joining the intersection oi BA and B'C 
with the intersection* of BG and B'A' will meet CA on (9). 
And also the line joining the intersection of GA and G'B^ 
with the intersection of GB and G'A' will meet AB on (9). 

78. • The equation w + X?) = represents a straight line 
passing through the intersection of the lines w = 0, i; = 0. 
Hence if there be a series of straight lines the equations of 
which are all of the form w + X^? = 0, and differ merely in 
having diflferent values of the constant X, all these lines pass 
through a point, namely, the intersection of w = and v = 0. 



EXAMPLES. 

1. Find the equation to the straight line passing through 
the origin and the point of intersection of the lines 

2. A, A\ are two points on the axis of a?, and jB, jB', on 
that oiy, at given distances from the origin; AB and A'B' 
intersect in P, and AB and A'B in Q] find the equation to 
the straight line PQ^ and shew that the axes are divided 
harmonically by it. 

3. If a = 0, )S = 0, 7 = 0, be the equations to the sides 
of a triangle ABG opposite the angles A, B, G, prove * that 
a sin J. — ^ sin J5=0 is the equation to the straight line 
bisecting AB from G. 

4. Prove by means of such equations as that given in the 
preceding question the first proposition in Art. 64. 

5. Shew that a cos -4 — ^8 cos 5 = is the equation to the 
perpendicular from G on AB. 
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6. Hence prove the second proposition in Art. 64. 

7. If a, J, c, be the lengths of the sides of a triangle 
opposite the angles A, B, C, respectively, prove that 

a cosA — fi cos jB+ - (sin 5 cos .4 — sin -4 cos J5) = 

is the equation to the line which bisects AB and is perpen- 
dicular to it. The equation may also be written 

/ a sin 5 sin (7\ . /^ 5 sin (7 sin ^\ ^ " 

(a+ — TT-' — A — cos -4- h8 + — ^r— : — s — cos5=:0. 
V 2sinJ. ; V 2sin-B y 

8. Hence prove the third proposition in Art. 64. 

9. Interpret the equation aa + 5^8 = 0. 

10. ^ Shew that aa + ft/8 — 07 = is the equation to the line 
which joins the middle points oi AG and Bv. 

11. Shew that 

a cos^ + )8 cos5 — 7 cos (7 = 

is the equation to th« line which joins the feet of the perpen- 
diculars from A on -8(7, and from B on AC. 

12. If lines be drawn bisecting the angles of a triangle 
and the exterior angles formed by producing the sides, these 
lines will intersect in only four points besides the angles of 
the triangle. 

13. If w=0, f?ii=0, «? = 0, be the equations to three 
straight lines, find the equation to the line passing through 
the two points 

u V w J, u V to 

7=—=—, ana^ = — ? = — • 

14. Find the equation to the straight line passing through 
the intersections of the pairs of lines 

2au + Jt; 4- cw = 0, ho-^cw^O^ 

and 2hu + Art; H- ct/? =2: 0, av — cw^^. 
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15. If a = 0, )8 = 0, 7 = be the equations to the sides of 
a triangle ABC, shew that the equation to the straight line 
which joins the centres of the inscribed circle and the circum- 
scribed circle is 

a(co85— cos C) 4-^9 (cos (7 — cos^)-f 7 (cos ^ — cos 5) = 0. 

16. If the equations to the sides of a triangle ABC be 
t« = 0, v = 0, K7 = 0,' and to the sides of a triangle A'B'G\ 
u^a, v=by w = c, then will AA', BBj and CC\ meet in 
a point. 

17. If the lines AA\ BBy CC\ in the last question meet 
respectively the sides of the tariangle ABC in Z>, J?, F, shew 
that the intersections of DE and AB, EF and BC, FD and 
CAy will all lie in one straight line ; and that a similar pro- 
perty will hold for the intersections of the same lines with 
the sides of the triangle AB!C\ 

18. In Art 76, suppose the line joining F and G 
to meet AB in -P and CD in Q\ then find the equations 
to GPy DPy AQj BQ, in terms of the notation of that 
article* 

19. From the middle points of the sides of a triangle 
perpendiculars are drawn (all internal or all external) and 
proportional to those sides; prove that the straight lines 
which join the angles with the extremities <rf the opposite 
perpenoiculars pass through one point. 

20. Let the three diagonals of a quadrilateral be produced 
to meet each other in three points, and let each of these 
points be joined with the two opposite comers of the quadri- 
lateral; the six lines so drawn will meet each other three 
and three in four points. 

21. In the figure constructed in the preceding question 
the four lines which meet each other in any comer of the 
quadrilateral are so related that two of them are parallel to 
the sides, and two to the diagonals of some parallelogram. 

22. Prove that the three points of intersection which are 
found in questions 4, 6, 8, lie on the straight line 

a sin A cos -4 sin {B — C) +i9 sin5 cos J? sin {C—A) 

+ 7 sin Ccos (7 sin {A — B}^0. 
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23. Let any point P be taken in the plane of the triangle 
ABGf and from the angular points A^ 5, G, straight lines 
diawn through it cutting the opposite sides or the sides 
produced in a, b, c, respectively; let BC, he, be produced 
to meet in a'; CA and ea in V\ and AB and ah in c'; then 
shew that the points a , &', c', are in one straight line. 

Also prove that the straight lines Bb\ Cc\ and Aa, meet 
in one point ; so also Co% Aa\ and Bb \ and Aa\ BV^ and 

Oc. 
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CHAPTER V. 

I 

TRANSFORMATION OP CO-ORDINATES. 

79. We have seen In the preceding articles that the 
gefmral equation to a straight line is of the form y = mx + c, 
but that the equation takes more simple forms in particular 
cases. If the origin is on the line the equation becomes 
y = mx; ,if the axis of a; coincides with the line, the equation 
becomes v = 0. In a similar manner we shall see as we 
proceed that the equation to a curve often assumes a more 
or less simple form, according to the position of the origin 
and of the axes. It is consequently found convenient to 
introduce the propositions of the present chapter, which enable 
us when we know the co-ordinates of a point with respect to 
any origjin and axes, to express the co-ordinates of the same 
point with respect to any other given origin and axes. It 
will be seen that these propositions might have been placed 
at the end of the first chapter, as they involve none of the 
results of the succeeding chapters. 

80. To change the origin of co-ordinates without changing 
the direction of the aoses, the axes being oblique or rectangular. 
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Let OX, OY, be the original axes; 0'X\ OY\ the new 
axes; so that OX' is parallel to OX, and O'F to OF. 
Let A, hy be the co-ordinates of 0' with respect to 0. Let P 
be any point ; x, y, its co-ordinates referred to the old axes ; 
a?', y'y its co-ordinates referred to the new axes. 

Let Y'O' produced cut OXmA\ draw Pif parallel to OF 
meeting O'X' in N; then 

OA^h, AO'=h) 

x^ OM=AM+ OA^O'N+ OA = x' + h, 

y = PM==PN + NM=PN + AO'=^y' + k. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

81. jfi> change the direction of the axes without changing 
the origin, both systems being rectangular. 




\ 



\ 



t:^ 



M N X 

Let OX, OY, be the old axes; OX', OY, the new axes, 
both systems being rectangular; let the angle XOX' = 0. 
Let P be any point ; x, y, its co-ordinates referred to the old 
axes ; x', y , its co-ordinates referred to the new axes. Draw 
PM parallel to OY, PM' parallel to OF, if 'i^T' parallel to 
OY, and M'B parallel to OX. 



Then X = 0M= ON-- MN= ON- M'B 
= OM' cos XOX' - PM' sin M'PB 
t=x' co&O-^y' ainO; 
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- =a;'sia^ + ycos^. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

82. In the preceding article is measured from the posi- 
tive part of the axis of x towards the positive part of the axis 
of y ; therefore if in any example to which the formulae are 
applied, OX' fall on the other side of 0-X, 6 must be con- 
sidered negative. 

From the formulaB of the preceding article, we see that 

this of course should be the case, since the distance OP is the 
same whichever system of axes we use. 

83. To change the direction of the axes without changing 
the origin^ both systems being oblique. 




.- X! 



Let OX, OY, be the old axes; 0X\ 0Y\ the new axes. 
Let {XY) denote the angle between OX, OY; and let a 
similar notation be used to express the other angles which 
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are formed by the lines meeting at 0. Let P be any point ; 
X, y, its co-ordinates referred to the old axes ; x\ y\ its co- 
ordinates referred to the new axes. Draw PM parallel to 
OF, and PM' parallel to OF'; from P and M' draw PL, 
J!f'iVj)erpendrcular to 0Y\ from M draw M'R perpendicular 
to Pi. Then 

a?=02f, y = PM; 

x'^OM\ y'^PM\ 

Now PL = perpendicular from Jf on OY^xmi (-TF), 

also ^ PL^RL-¥PR=^M'N-¥PR 

= OM' sin X'OF+Pif' sin TOY 

= x'sin(Z'F) + ysin(FF); 

.-. « sin (ZF) -aj' sin (X'F)+y sin (F'F) (1). 

Similarly by drawing from P and M* perpendiculars on 
OX we may prove that 

y sin (FZ) =a?'sin (X'X) +y sin(rX) (2). 

Equations (1) and (2) express the old co-ordinates of Pin 
terms of its new co-ordinates; (FX) and (XF) denote the 
same angle^ but we use both expressions for greater sym- 
metry. 

Let ZOX' = a, ^0F' = /9, XOF=a); then (1) and (2) 
become 

a;sincD = aj'Bin(« — a)4-y'sin(o) — )8) (3), 

y sina) = a;' sin« +y'sin^ (4). 

84. Two particular cases of the general proposition in the 
preceding article may be noticed. 

If the original axes are rectangular » = ~ , and the equa- 
tions (3) and (4) become 

a; = a;' cos a + y cos fi, 
y = a;' sin a + y' sin /8. 
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If the new axes be rectangular i8 = -• + a, and the equa- 
tions (3) and (4) become 

a? sin G) = oi sin (g) — a) — y' cos {to — a), 
y sin G) = X sin a + y' cos a. 

85. Suppose we require to change both the origin and 
the direction of the axes ; let a?, y, be the co-ordinates of a 
point referred to the old axes ; a?', y\ the co-ordinates of the 
same point referred to the new axes. By Arts. 80 and 83 
we have 

a? = a?j + A, 

where Ti and h are the co-ordinates of the new origin referred 
to the old axes, and 

X sin (ft) — a) + v' sin (ft) — /8) 

Xy = : 9 

^ sm ft) 

__a;'sina + ysiny9 
^^^ sin ft) 

The expressions for x^ and y^ will simplify when one or 
each of the systems is rectangular. (See Art. 84.) 

86. The formulae which connect the rectangular and polar 
co-ordinates of a point in the particular case in which the 
origin is the same m both systems, and the axis of x coincides 
with the initial line have already been given. (See Art. 8.) 
The following is the general proposition. 

To connect the polar and rectcmgular co-ordinates of a 
point. 

Let OX, F, be the rectangular axes ; let 8 be the jpole 
and 8A the initial line. Let A, h, be the co-ordinates of S 
referred to 0; draw 8X' parallel to OX, and let the angle 
A8X'^oi. 
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Let P be any point ; a?, y, its co-ordinates referred to the 
rectangular axes; r, 0, its polar co-ordinates. Draw PM, 
8C, parallel to (?F, the former cutting SX' in N, and join 
SP; then 

x=OMy y = PM, 

r=8Py e = the angle P8A. 

And x^OG+CM^pC+SN 

= A+rcos {0 + a) (1), 

y^MN4-PN=SG+PN 

= A; + rsin(d + a) (2). 

If a = we have 

ajsr: A + rcostf (3), 

y = lc-\'rAnO (4). 

87. By means of the formulae of the present chapter we 
shall sometimes be able to simplify the form of an equation ; 
for example, the axes being rectangular, suppose we have 

y* + a?* + 6a^y" = 2 (1). 

This equation represents some locus, and by ascribing 
different values to x and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an angle of 45**. In 

the formulae of Art. 81 put - for ^; thus 
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Substitute these values in (1) ; thus 

{x' + y'Y + {x' - y'f + 6 iai' - /)« = 8 ; 
.-. 2 (aj'* + ^x'Y-Vy'') + 6 (a^'* -y'^)^ = 8, 
or a;'* + y'*=l (3). 

Since (3) is a simpler form than (1), we shall find it easier 
to trace the locus by using (3) and the new axes, than by 
using (1) and the old axes. The student must observe that 
we make no change in the locus by thus changing the axes 
or the origin to which we refer it; that is, equation (1) 
represents precisely the sanje assemblage of points as (3) ; 
for instance, the point for which a^ = 1 and y' = is obviously 
situated on the locus (3) ; now this point will by (2) have for 
its co-ordinates referred to the old system 

1 _l 

and these values satisfy (1), that is, this point is on the 
locus (1). 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Aafy^ we substitute the values of x and y in terms 
of a/ and y" given in Arts. 80 — 84, we obtain 

A{ax^+hy'+ hy {coif + e/ + hy 

where a, J, c, e, A, h, are all constant quantities ; by expanding 
this expression we shall obtain a series of terms of the form 
Ax^y^^^ where 7 + 8 cannot be greater than a + )8. Hence 
the degree of an equation cannot be raised by transformation 
of co-ordinates. Keither can it be depressed; for if from a 
given equation we could by transformation obtain one of a 
lower degree, then by retracing our steps we shoidd be able 
from the second equation to obtain one of a higher degree, 
which has been proved to be impossible. 
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EXAMPLES. 

1. Change the equation r* = a'cos2d into one between 
X and y. 

2. Shew that the equation 4ipy — 3a;* = a* is changed into 
a;' — 4^ = a*, if the axes be turned through an angle whose 
tangent is 2. 

3. Transform sIx-Vsly— s/c so that the new axis of x 
maj be inclined at 45^ to the original axis. 

4. The equation to a curve referred to rectangular axes 
is ^ + 4ay cot a — 4aa? = ; find its etjuation referred to 
oblique axes inclined at an angle a retaining the same axis 
of X. 

5. Shew that the equation sfj/^—a (aj' + y^ will admit of 
solution with respect to y if the axes be moved through an 
angle of 45^. 

6. If 03, y, be co-ordinates of a point referred to one system 
of oblique axes, and x\ y\ the co-ordinates of the same point 
referred to another system of oblique axes, and 

X ^Tnx' + ny\ y = wV + ny'j 

shew that 

7W 4- w» — 1 '• m7n 



T. C. S. 
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CHAPTER VI. 

THE CIBCLE. 

88. We now proceed to the consideration of the loci 
represented by equations of the second degree ; the simplest 
of these is the circle with which we shall commence. 

To find the equation to the circle referred to any rectangular 
axe$. 




N 



M 



Let G be the centre of the circle ; P smy point on its cir- 
cumference. Let c be the radius of the circle; a, J, the 
co-ordinates of (7; a?, y,- the co-ordinate of P. Draw ON, 
PM, parallel to OY, and GQ parallel to OX. Then 

a^+P^=GP»; 



that is, 



or 



(x:-a)»+(y-J)« = c».: 

This is the equation required. 

Digitized by VjOOQ IC 



(1), 

(2). 



EQUATION TO THE CIRCLE. 83 

The following varieties occur in the equation. 

^ !• Suppose the origin of co-ordinates at the centre of the 
circle ; then a = 0, and J = ; thus (1) and (2) become 

a^ + /-c» = (3). 

II. Suppose the origin on the circumference of the circle ; 
then the values a? = 0, y = 0, must satisfy (1) and (2); 
therefore 

which relation is also obvious from the figure, when is on 
the circiunference ; hence (2) becomes 

a? + j^'-2ax-2hy = (4). 

% 
m. Suppose the origin is on the circiunference, and that 
the diameter which passes through the origin is taken for the 
axis of a?; then J = 0, and a^ = (^; hence (2) becomes 

a? + y'-'2ax = (5). 

Similarly if the origin be on the circumference and the 
axis of y coincide with the diameter through the origin, we 
have a = 0, and h^ = c^\ henc^ (2) becomes 

. a?-\-j^-2hy = (6)- 

Hence we conclude from (2) and the following equations, 
that the equation to a circle when the axes are rectangular 
is always of the form 

a;'* + / + ^a?+J?y+ (7=0, 

where A^ B, (7, are constant quantities any one or more o^ 
which in particular cases may be equal to zero. 

89. We shall next examine, cojiversely, if the equation 

a^ + y' + Ax + Btf+C^O (1) 

always has a circle for its locus. 
Equation (1) may be written* 

f A\^ ( B\' A^ + ff ^ ,^. 
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I. If A^ + ff — 4 (7 be negative the locus is impossible. 

II. If ^' + -B* — 4(7 = 0, equation (2) represents sl point 

A B 
the co-ordinates of which are — tt > — ■5- • This point may be 

considered as a circle which has an indefinitely small radius. 

III. If ^'* + ^ — 4(7 be positive we see by comparing 
equation (2) with equation (1) of the preceding article that it 
represents a circle, such that the co-ordinates of its centre are 

— ---,——, and its radius 

i(^' + £^-4(7)i. 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

a?^f + Ax + By-vC^O. 

For example, suppose, 

aj^+y+4aj-8y-5 = 0, 

or {a? + 2)' + (y-4)' = 5 + 4 + 16 = 25. 

Here the co-ordinates of the centre are — 2, 4, and the 
radius is 5. 



Tangent and Normal to a Circle. 

90. Def. Let two points be taken on a curve and a 
secant drawn through them ; let the first point remain fixed 
and the second point move on the curve up to the first ; the 
secant in its limiting position is called the tangent to the 
curve at the first point. 

91. To find the equation to the tangent at any point of 
a circle. 

Let the equation to the circle be 

a^+y*=c« (1). 

Let a/, y, be the co-ordinates of the point on the circle at 
which the tangent is drawn ; and af% y^, the co-ordinates of 
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an adjacent point on the circle. The equation to the secant 
through (pcf^ y) and (a/', y"') is 

3'-3''=^3j(^-^) (2). 

Now since [ocf^ y) and {x'\ y'') are both on the circumfer- 
ence of the circle, 

.'. by subtraction, 

or (ar"-aO (a;"+aO + (/'-/) (y"+/) =0; 

Hence (2) may be •written 

3'-2^ = -^(— ^') (3)- 

Now in the limit when {a^\ yf') coincides with (ic', yf)^ we 
have ar'' = a^, 9xAyf'=yf\ hence (3) becomes 

^""^'"■^ V (^"^') =-^' {x^^\ 
Thus the equation to the tangent at the point (a?', y') is 

• y-y'=-^(a'-«'') (4). 

This equation may be simplified; by multiplying by y and 
transposing we have 

••. xaf-^-yy'^^c? (5). 

92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the line 
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makes with the axis of x. For the equation to the tangent 
at {x', y') is 

yy' + xx'=^c^, 

X c* 

or y = jx^--. 

^ y y 

X* 

Let > = w ; thus the equation becomes 

if 

We have then to express — in terms of w. 

Now a' = — my\ 

and x'^-\'y'^ = <^; 

/. y»(l+m»)=:c', 

Hence the equation to the tangent may be written 
y = mx + c V(l + ^*)« 

Conversely every line whose equation is of this form is a 
tangent to the circle. 

93. The definition in Art. 90 may appear arbitrary to the 
student and he may ask why we do not adopt that given by 
Euclid (Def. 2, Book iii.). To this we reply that the defini- 
tion in Art. 90 will be convenient for every curve, which is not 
the case with Euclid's definition. (The student however cannot 
at first be a judge of the necessily or propriety of any defini- 
tion); he must confine himself to examming the consequences 
of the definition and the accuracy of the reasoning based 
upon it. 

We may easily shew however that the line represented by 
the equation 

xx'+yy':=^c^ -..(1) 
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touches^ according to Euclid's definition, the circle 

^ + f = ^ (2), 

the point {x\ y') being supposed to lie on the circle. To find 
the point or points of intersection of the line and circle we 
combine the equations (I) and (2) ; substitute in (2) the value 
ofy firom (1), then, 

or. ^ (a;" + y") - 2<?x'x + c* - (?y** = 0, 

or cV-2cVa? + c'ic'* = 0; 

/. iB'-2aja;' + a?'* = 0; 

• • fl? ^^ X ^ 

.\ from (1), y=y. 

Hence (1) and (2) meet in only one point, the point (a?', y'). 
Hence (1) touches the circle according to Euclid's definition. 

94. Also every line which meets the circle in one point 
only is a tangent to the circle. 

For suppose 

to be the equation to a circle and 
y = mx'\-n 

the equation to a straight line ; to find the points of inter- 
section of the line and circle we combine the equations ; thus 
we obtain 

(ma; + n)' + aj^s=c*, 
or (w'+l)a^ + 2mnaj + w*-c' = 

to determine the abscissae of the points. Itfow this quadratic 
equation will have two roots except when 

K+l)(n*-c»)=mV, 

that is, when n* = c' (1 + w") . 
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Hence if the straight line meets the circle it must meet it 
in two points unless this condition holds, and then, by Art. 92, 
the line is a tangent to the circle. 

95. Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defi- 
nition of Art. 90 we may suppose both to move along the circle 
until they meet at some fixed point of the circle, and the 
secant in its limiting position will be the tangent at that 
fixed point. For let {x\ y') and (a?", y") denote the two 
moving points on the circle, and (a;^, y^ the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 

x'-^-x' ,. 

In the limit a?' and x" each = x^ and y and y" each = y^, and 
we obtain for the equation to the tangent at {x^, y^ 

which agrees with the former result, 

96. If the equation to a circle be given in the form 

{x-aY-hiy-by-d'^O, 

we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 

Let {of, y) be the point on the circle at which the tangent 
is drawn ; {x^% yf') an adjacent point on the circle ; then 

Also the equation to the secant through (a;', yf) and (pi^^yf) is 
^-2^ = ^31 ('»-^) (2). 
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. By means of (1) this may be written 

y-/=- y-^+y-2& (^-'^) (3)- 

Now in the limit af^ = af and y^' = y' \ hence we have for 
the equation to the tangent at (a?', yf) 

y-y'^-'Y^i^-^) W- 

This may be written 

y-J_(3^_j) = -^|{a;~a-(x'-a)}; 

/. (aj-a)(ar'-a) + (y-J)(y-J) 

= (a?'-a)'+(/-&)' = c' (5). 

97. Def. The normal at any point of a curve is a straight 
line drawn through that point perpendicular to the tangent to 
the curve at that point. 

98. To find the equation to the normal at any point of a 
circle* 

Let the equation to the circle be 

*' + y' = c' (1), 

and let of, y', be the co-ordinates of a point on the circle, then 
the equation to the tangent at that pomt is 

xaf + yy'^-d', 

of (? 

^ y" y" 

Hence the equation to a line through (a/, y') perpendicular 
to the tangent at that point is 



y-y'=^{^-^)» 



or y = ^^- 
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Since this equation is satisfied by the values a; = 0, y = 0, 
the normal at any point passes through the origin of co-ordi- 
nates, that is, through the centre of the circle. 

99. From any external point two tangents can he drawn to 
a circle. 

Let th^ equation to a circle be 

^+f=(? (1), 

and let A, >k, be the co-ordinates of an external point. Sup- 
pose a/, y', the co-ordinates of a point on the circle such that 
the tangent at this point passes through (A, h). The equation 
to the tangent at {x\ y') is 

xx'¥yy' = (f (2). 

Since this tangent passes through (A, k) 

haf + hy'^c^ (3). 

Also since (a?', y") is on the circle 

x''^y''^<? (4). 

Equations (3) and (4) determine the values of of and y'. 
Substitute from (3) in (4), thus 

The roots of this quadratic will be found to be both possible 
since (A, h) is an external point and therefore A' + A* greater 
than c*. To each value of of corresponds one value of y' by 
(3) ; hence two tangents can be drawn from any external 
point. 

The line which passes through the points where these tan- 
gents meet the circle is called the chord of contact. 

100. Tangents are drawn to a circle from a given external 
point; to find the eqtuztion to the chord of contact. 

Let A, A, be the co-ordinates of the external point ; ar , y^, 
the co-ordinates of the point where one of the tangents from 
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(A, Tc) meets the circle; a?,, y,, the co-ordinates of the point 
where the other tangent from (A, k) meets the circle. 

The equation to the tangent at (a?j, y^ is 

^i + yyi = c' (!)• 

Since this tangent passes through (A, k), we have 

hc,^-ky,^ (?.... (2). 

Similarly, since the tangent at (a?g, yj passes through 
(A, A), 

hx,^kf^ = (? (3). 

Hence it follows that the equation to the chord of con- 
tact is 

xh + yk = (? ....(4). 

For (4) is obviously the equation to some straight line; also 
this line passes through (ajj, yj, for (4) is satisfied by the 
values x = x^, y = y^, as we see from (2) ; similarlv from (3) 
we conclude that this line passes through (cCj, yj. Hence 
(4) is the required equation. 

Thus we may proceed as follows in order to draw tangents . 
to a circle from a given external point — draw the line which 
is represented by (4) ; join the points where it meets the circle 
with the given external point and the lines thus obtained are 
the required tangents. 

101. Through any fixed point chords are drawn to a circle, 
and tangents to the circle drawn at the extremities ofeo/ch chord; 
the locus of the intersection of the tangents is a straight line, 

, Let A, k^ be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the circle be drawn at 
the extremities of one of these chords, and let (a?^, yj be the 
point in which they meet. The equation to the correspond- 
mg chord of contact is, by Art. 100, 

But this chord passes through (A, k) ; therefore 
hx^ + ky^^ c*. 
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92 CHORD OF CONTACT. 

Hence the point {x^, yj, lies on the line 

that is, the locus of the intersection of the tangents is a 
straight line. 
We will now prove the converse of this proposition. 

102. If from any point in a straight line a pair of tangents 
he drawn to a circle^ the chords of contact will all pass through 
a fixed point. 

Let J[a? + J?y+a=0 (1) 

be the equation to the straight line ; let {xf^ yf) be a point in 
this line from which tangents are drawn to the circle ; then 
the equation to the corresponding chord of contact is 

xaf + yy^^^ (2). 

Since (a/, y') is on (1) 

-^oT' + ^Z-f (7=0; 

therefore (2) may be written , 

xxT^y 5 — = <^^ 



or. 



L^l^^af^^-c'^0 (3). 



Now, whatever be the value of x^, this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 



that is, the point for which 

y Q-, a- -^. 

103. The student should observe the different interpreta- 
' tions that can be assigned to the equation 

xh + yh — (? = 0. 
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I. If (A, Tc) be any point whatever, the equation represents 
the locus of the intersection of tangents at the extremities of 
each chord through (A, k). (Art. ♦101.) 

II. If (A, k) be an external point, the equation represents 
the chord of contact. (Art. TOO.) 

III. If (A, k) be on the circle, the equation represents the 
tangent at that point. (Art. 91.) 

In. the following figures Q denotes the point (A, k), and 
Bit the line 

xh'\-yk^(?. 




In the first figure Q is within the circle, and the line RR 
receives only the interpretation I. 

In the second figure Q is without the circle, hence the line 
RR receives both interpretations I. and II. ; if therefore tan- 
gents be drawn from Q to the circle they will meet it at the 
points where RR intersects it. 

If Q be on the circle, then RR becomes the tangent at Q. 
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CIRCLE REFERRED TO OBLIQUE AXES. 



Oblique Axes. 

104. To find the equation to the circle referred to any 
oblique aaes. 




Let ft) be the inclination of the axes ; let C be the centre of 
the circle ; P any point on its circumference. Let c be the 
radius of the circle; a, b, the co-ordinates oi G; x, y, the 
co-ordinates of P. Draw CN, PM^ parallel to OF, and GQ 
parallel to OX. Then 

CP'^OQ' + PQ'-^CQ.PQco&CQP 

^^CQ^ + PQ" + 2CQ.PQ cos<d; 

that is, {x — ay + {tf — by + 2 {x — a) [y — b) cosft) = c*; 

or, a?+y^ + 2xy cos ca — 2 (a + J cos o)) a; — 2 (5 + a cos ft)) y 

+ a^ + b^ + 2ab cos o) - c' = 0. 

H6nce the equation to the circle referred to oblique axes is 
of the form 

a? + y^ + 2ocyco&ci) + Ax + £y+ (7=0, 
where -4, P, (7, are constant quantities. 
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Polar Equation. 
105, To find the polar equation to the circle. 




8 X 



Let 8 be the pole, 8X the initial line ; C the centre of the 
circle, P any point on its circumference. 

Let 80=1, C8X=a, so that I, a, are the polar co-ordi- 
nates of C; let c be the radius of the circle ; and let r, 0, be 
the polar co-ordinates of P. 

Then 0P'=^P8'+G8'- 2F8. C8. cos P8C; 

that is, (? = 7^ +P - 2lr COS {0 - a) (1), 

or, r^ — 2rl (cos a cos ^ + sin a sin ^) + f* — c" = (2). 

Hence the polar equation to the circle is of the form 

r^ + Arcos0 + BrBm0+C=:O (3). 

The polar equation may also be deduced from the equation 
referred to rectangular axes in Art. 88, by putting r cos and 
r sin for x and t/ respectively. 

If the initial line be a diameter we have a = 0, hence (1) 
becomes 

r^-27rcos^ + Z*-c' = (4). 

If, in addition, the origin be on the circumference ? = c*,' 

.-. r=*2?cos^ (5). 
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96 PERPENDICULAR ON THE TANGENT. 

106. To express the perpendicular from the origin on the 
tangent at any point in terras of the radius vector of that 
point. 

Let SQ be the perpendicular from the origin on the tan- 
gent at P, and suppose 8Q =^p ; then 

SC^ ^8P' + PC - 28P. PC COB 8P0 

= 8P' + PC^ - 28P. PC sin 8PQ ; 

that is, P = r* + c*--2cp. 

In the figure 8 and C are on the same side of the tangent 
at P. If we take P so that the tangent at P falls between 8 
and (7, we shall find 

P = ^ + c' + 2cp. 

107. These equations are sometimes useful in the solution 
of problems, or demonstration of properties of the circle. For 
example, take the equation (4) in Art. (105), 

r* - 2rZ cos ^ + P - c'* = ; 

by the theory of quadratic equations we see that the product 
of the two values of r corresponding to any value of '^ is ' 
r — c*, which is independent of 0. This agrees with Euclid 
III. 35, 36. 

Also the sum of the two values of r is 2?cos^; hence if a 
line be drawn through the pole at an inclination 6 to the 
initial line, the polar co-ordinates of the middle point of the 
chord which the circle cuts off from this line are 

— - — , and 5; that is, Zcos^, and ^. 
J* 

Hence the polar equation to the locus of the middle point 
of the chord is 



r = ? cos ^, 

.of 
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EXAMPLES. 

1. Determine the position and magnitude of the circles 

(1) a5'+/ + 4y^4a?-l=0, 

(2) 2?*+^*+ 6a;- 3^-1 = 0. 

2. Find the points of intersection of the circle 

with the lines 

y + a;=: — 1, y + a-=: — 5, and 3y-f 4a; = — 25, 

3. A circle passes through the origin and intercepts 
lengths h and k respectively from the positive parts of the 
axes of X and y \ determine the equation to the circle. 

4. A circle passes through the points (A, Ic) and {h\ k') ; 
shew that its centre must lie on the line 

(A-*')(.-A+^) + (^-^').(y-*±^)=o. 

5. On the line joining {x\ y) and {x'\ y") as diameter a 
circle is described ; find its equation. 

6. A and B are two fixed points, and P a point such 
that AP=mBP^ where m is a constant; shew that the locus 
of P is a circle, except when m^l. 

7. The locus of the point from which two given unequal 
circles subtend equal angles is a circle. 

8. Find the equation which determines the points of inter- 
section of the line 

- + 2^-1=0 
h^k ^ "' 

and the circle 

af + y^-^ax-^hy- 0. 

Deduce the relation that must hold in order that the line may 
touch the circle. 
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98 EXAMPLES ON THE CIRCLE. 

9. Find the equation to the tangent at the origin to the 
circle 

10. Shew that the length of the common chord of the 
circles whose equations are 

(a:-a)»+(y-J)' = c^ (aj-J)»+(y-ar = c', 

is V{4c*-2(a~5)»}. 

11. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. 

12. A point moves so that the sum of the s(]^uares of its 
distances from the sides of an equilateral triangle is constant ; 
shew that the locus of the point is a circle. 

13. A point moves so that the sum of the squares of its 
distances from any given number of fixed points is constant ; 
shew that the locus is a circle. 

14. Shew what the equation to the circle becomes when 
the origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120*, and the parts of them intercepted 
by the circle are A and i. 

15. What must be the inclination of the axes that the 
equation 

a3* + y — spy — Aic — Ay = 

may represent a circle? Determine the position and magni- 
tude 01 the circle. 

16. What must be the inclination of the axes that the 
equation 

a^ + y^ + xy^hx — hy^O 

may represent a circle ? Determine the position and magni- 
tude of the circle. 

17. Determine the equation to the circle which has its 
centre at the origin, and its radius = 3, the axes being in- 
clined at an angle of 45^ 
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18. Determine the equation to the circle which has each 
of the co-ordinates of its centre = — J and its radius = — 
the axes being inclined at an angle of 60^ 

19. The axes being inclined at an angle (w, find the radius 
of the circle 

^ + t/^+2xy cos © — Aaj — iy = 0. 

20. Shew that the equation to a circle of radius c referred 
to two tangents inclined at an angle cd as axes is 

a?+f + 2xy cos 6) - 2 (a; + 3^) c cot ^ + c* cot' ^ = 0. 

2 2 

21. Shew that the equation in the preceding question 
may also be written 

// * . fl) CO ' 

x-\-y — 2 V (^y) sm - = c cot — . 
iS 2 * 

22. Find the value of c in order that the circles 

(aj-a)«+(y-J)« = c«, and (a;- J)» + (y-.a)*=c», 
may touch each other. 

23. ABC is an equilateral triangle; take A as origin, 
and AB as axis of x ; find the rectangular equation to the 
circle which passes through A^ J9, G. Deduce the polar 
equation to this circle. 

24. If the centre of a circle be the pole shew that the 
polar equation to the chord of the circle which subtends an 
angle 2)8 at the centre is 

r = c cos )8 sec (^— a), 

where a is the angle between the initial line and the line from 
the centre which bisects the chord. Deduce the polar equation 
to a line touching the circle at a given point. 

25. Find the polar equation to the circle, the origin being 
on the circumference and the initial line a tangent. Shew 

Digitized by Ij^OQIC 



100 EXAMPLES ON THE CIRCLE. 

that with this origin and initial line, the polar equation to the 
tangent at the point & is 

rsin(2^'-^)=2csin^5'. 

26. Shew that if the origin be on the circumference of 
a circle, and the diameter through that point make an angle 
a with the initial line, the equation to the circle is 

r = 2c cos (^ — a). 

27. Determine the locus of the equation 

r = ^cos(^-a)+J?cos(^-y8)+(7cos(e-7) + 



28. AB is a given straight line; through A two inde- 
finite straight lines are drawn equally inclined to -4J9, and 
any circle passing through A and B meets those lines in 
jL, M\ shew that the 5wm of AL and AM^ is equal to a 
constant quantity when L and M are on opposite sides of AB^ 
and that ika^ difference oiAL and AMh constant when L and 
M are on the same side of AB. 

29. ABC is an equilateral triangle, and 
PA = PB+PC, 
find the locus of P. 

30. There are n given straight lines making with another 

fixed straight line angles a, )8, 7, ; a point P is taken 

such that the sum of the squares of the perpendiculars from 
it on these n lines is constant ; find the conditions that the 
locus of P may be a circle. 



31. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant; 
shew that the locus of the point is a circle. 



32. A line moves so that the sum of the perpendiculars 
AP, BQ, from the fixed points A and B is constant; find 
the locus of the middle point of PQ. 

33. is a fixed point and AB a fixed line; a line is 
drawn from meeting AB in P; in OP a point Q is taken 
so tha.tOP.OQ = I(?; find the locus of Q. 
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EXAMPLES ON THE CIRCLE. 101 

34. A line is drawn from a fixed point 0, meeting a fixed 
circle in P; in OP a point Q is taken so that OP. OQ — 1^; 
find the locus of Q. 

35. Shew that the equation 

{%-Ax)«=c'{(x-A)»+(y-A)'} 
represents the two tangents to the circle, 

which pass through the point (A, k). 

36. What is represented by the equation 

r'- ra cos 20 sec ^- 2a* = ? 

37. The polar equation to a circle being r = 2c cos 0, shew 
that the equation 

2c cos )8 cos a = •^ cos ()8 -f a — 0)j 

represents a chord such that the radii drawn to its extremities 
from the pole, make angles a, /8 with the initiij line. 

38. Tangents to a circle at the points P and Q intersect 
in T; if the lines joining these points with the extremity 
of a diameter cut a second diameter perpendicular to the 
former in the points j?, y, t, respectively, shew that 
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CHAPTER Vn. 

RADICAL AXIS. POLE AND POLAR. 

Radical Axis. 

108. We have shewn that the equation to a circle is 

(a;-a)«+(y^J)«-c*=:0. 
We shall write this for abbreviation 

If the point (a:, y) be not on the circumference of the circle, 
8 is not = ; we may in that case give a simple geometrical 
meaning to 8. 

I. Let (a?, y) be without the circle ; draw a tangent from 
{Xy y) to the circle ; join the point of contact with the centre 
of the circle (a, b) ; also join {x, y) with (a, J). Let G re- 
present the point (a, J), Q the point (a?, y), and T the point 
of contact of the tangent. Thus we have a right-angled 
triangle formed, and since {x — cbf-^- (v — J)'= QCP, it follows 
that 8— QP; that is, 8 expresses the square of the tangent 
from {x, y) to the circle. By Euclid iii. 36, the square of the 
tangent is equal to the rectangle of the segments made by the 
circle on any straight line draw from (aj, y), and thus 8 will 
also express the value of this rectangle. 

II. Let (a;, y) be within the circle; then 8 is negative. 
Let C and Q have the same meaning as before, and produce 
CQ to meet the circle in Tand T'\ then 

- 8^ Cr- GCf^^GT- GQ) {GT+ GQ) 
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RADICAL AXIS* 103 

Hence by Euclid ill. 35, if any line PQP be drawn meet- 
ing the circle in P and P', the value of the rectangle FQ. P Q 
is -8. 

109. Let S denote {x - a)* + (y - J)* ^ c\ 

and /8f' denote {x^ay+ {y^Vy-c''; 

sothat /8^=0 (1), and >S^' = (2), 

are the equations to two circles ; we proceed to interpret the 
equation 

S-S'^O (3). 

8—8' contains Only the first powers of x and y ; therefore 
8'-8' = is the equation to some straight line. Also if 
values of x and y can be found to satisfy simultaneously (1) 
and (2), these values will satisfy (3). Hence when the 
circles represented by (1) and (2) intersect, (3) is the equa- 
tion to the straight line which joins their joints of inter- 
section. 

Also suppose that from any point in (3), external to both- 
circles, we draw tangents to (1) and (2) ; then, by Art. 108, 
these tangents are equal in length. Hence whether (1) and 
(2) intersect or not, the line (3) has the following property; — 
if from any point of it lines he drawn to touch both circles , the 
lengths of these lines are equal. 

110, An equation of the form 

A{a^ + y') + Bx + Cy + D=^0 

will represent a circle ; for after division by A we obtain the 
ordinary form of the equation to a circle. We shall say that 
the equation to a circle is in its simplest form when the co- 
efficient of a?* and y^ is unity. 

Dep. If 8 = 0, ;8^' = 0, be the equations to two circles in 
their simplest fn^ms, the straight line 8— 8' = Ois called the 
radical axis of the circles. • 

The axes of co-ordinates may here be rectangular or oblique. 

Or we may give a geometrical definition thus. A straight 
line can always be found such that if from any point of it 
tangents be drawn to two given circles, these tangents are 
equal ; this line is called the radical axis of the circles* 
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104 RADICAL AXIS- 

111. The three radical axes belonging to three given circles 
meet in a point. 

Let the equations to the three circles be 

S, = (1), ^,= (2), 5,^0 (3). 

The equations to the radical axes are , 

8^-8^ = 0, belonging to (1) and (2), 

^s-^8 = 0, (2) and (3), 

B^-8,^0, (3) and (1). 

These three lines meet in a point ; since it is obvious that 
the values of x and y which simultaneously satisfy two of the 
equations, will also satisfy the third. 

112. A large number of inferences may be drawn firom 
the preceding articles by examining the special cases which 
fall under the general propositions. (See Plticker Analytisch- 
Geometrische Entwickelungen^ Vol. I. pp. 49 — 69.) We notice 
a few of these respecting the radical axis of two circles. 

113. The radical axis is perpendicular to the Une joining 
the centres of the two circles. 

Let the equations to the circles be 

then the equation to the radical axis is 

(^-ar-(a;-ar + (y-J)«-(y-50*-c^ + c'» = O; 
that is, 

a?(a'-a)+y(J'-ft)+i(a'-a'* + i'-i'»-c» + O = (1). 

And the equation to the line joining the centres of the 
circles is, (Art. 35), 

V — h 

y-^-'TTTa^^-^) (2); 

(1) and (2) are at right angles by Art. 42. 
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114. When two circles touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 
passes through the common point and is perpendicular to the 
line joining the centres of the circles. 

115. Suppose the radius of one of the circles to become 
indefinitely small, that is, the circle to become a point ; the 
radical axis then has the following property : — if from any 
point of the radical axis we draw a Ime to the given point, 
and a tangent to the given circle, the line and the tangent 
will be equal in length. 

116. The radical axis of a point and a,circle falls without 
the circle, whether the point be vnthout or within the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point ; therefore the radical axis cannot meet 
the circle. K the ;point be on the circle, the radical axis is 
the tangent to the circle at this point. 

117. Suppose hoth circles to become points. Then the 
lines drawn from any point in the radical axis to the two 
fixed points are equal in length. Hence the radical axis be- 
longing to two given points is the line which bisects at right 
angles the distance between the two given points. «> 

» 

118. Suppose in Art. Ill that each circle becomes a point ; 
the theorem proved is then the following : — the peipendiculars 
drawn fitom the middle points of the sides of a tnangle meet 
in a point. 

119. It is a well-known geometrical p-oblem — to draw a 
straight line which shall touch two given circles. If the circles 
do not intersect, j/&ttr common tangents can be drawn ; two of 
them will be equally inclined to the line joining the centres, 
and will intersect on that line between the circles ; the other 
two will also be equally inclined to the line joinine the cen- 
tres, and will intersect on that line beyond the smaUer circle. 
These two points of intersection are called centres of similitude. 
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For the equations to the common tangents and for the proper- 
ties of the centres of similitude, we refer to Salmon's Conic 



Pole and Polar. 

120. Def. If the equation to a circle be 

and A, A, be the co-ordinates of any point, then the line 

xh+yk = c* 

is called the polar of the point (A, k) with respect to the given 
circle, and the point (A, Jc) is called the pole of the line 

icA + yife = c^ 

with respect to the given circle. 

We may also express our definition thus : — the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact; and the given point is the^ofe of the line. 

Or we maj define the polar of a point by means of the 
properties which it possesses, (Art, 103). The polar of a 
given point with respect to a given circle is the straight line 
which is the locus of the intersection of tangents drawn at 
the extremities of eveiy chord through the given point ; and 
the given point is called the pole of this straight line. 

If the given point be without the circle, its polar coincides 
with the chord of contact of tangents drawn firom that point, 

121. J^ one straight line pass through the vole of another 
straight line, the second straight line will pass tkrough the pole 
of the first straight line. 
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Let {x\ y') be the pole of the first straight line, and 
therefore 

xx'^-yy'^i? (1), 

the equation to the^r^* straight line. 

Let (a;", y") be the pole of the second straight line, and 
therefore 

xx" + yy"^c' (2), 

the equation to the second straight line. 
Since (1) passes through {x'\ y") we have 

and since this equation holds, (2) passes through {x\ y). 

122. The intersection of two straight lines is the pole of the 
line which joins the poles of those lines. 

Denote the two straight lines by A and 5, and the line 



joining their poles by (T; since G passes through the pole of 
A^ therefore, oy Art, 121, A passes through the pole of (7; 
similarly B passes through the pole of G\ therefore the inter- 
section of A and B is the pole of (7. 



MISCELLANEOUS EXAMPLES. 

1. Find the tangent of the angle between the two straight 
lines whose intercepts on the axes are respectively a, J, and 

2, If the straight lines represented by the equation 
aJ'(tan*^ + cos'^) — 2iBy tan^+y*sin*^ = 0, 

make angles a, )3 with the axis of a?, shew that 
tan a <« tan yS = 2. 
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108 MISOBLLANEOUS EXAMPLES. 

3. One side of a square a comer of which is at the origin 
makes an angle a with the axis of x ; find the equations to 
the four sides and the two diagonals. 

4. Find the equations to the diagonals of the parallelogram 
formed by the straight lines 

f + | = l. ? + | = 2. 
a o ah 

a a 

and shew that they are at right angles to one another. 

5. The distance of a point {x^, y^ from each of two straight 
lines which pass through the origm of co-ordinates is S, prove 
that the two lines are represented by the equation 

6. Find the condition that one of the lines represented by 

may coincide with one of those represented by 
a^ + hxy + CSC* = 0. 

,7. If a = 0, )8 = 0, 7 = be the equations to the three 
sides of a triangle ; and a, 5, c be the perpendicular distances 
between these sides and those of another triangle parallel to 
them respectively, the line joining the centres ot the inscribed 
circles will be represented by any of the equations 

a— J h—c c—a' 

8. Prove that the equation to the straight line passing 
through the middle point of the side BG of a triangle ABU 
and parallel to the external bisector of the angle A is 

/3 + 7 + ^(sinjB+sinC^) = 0. 
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9. The equation to the line drawn parallel to BC through 
the centre of the escribed circle which touches BG is 

(a + iS) sin jB 4- (a 4- 7) sin (7=0. 

10. Find the equations to the lines which pass through 
the intersection of the lines 

Za 4- w/8 + W7 = 0, Z a 4- m'/S 4- ^'7= 0, 

and bisect the angles between them. 

11. If M = 0, V = 0, be the equations to two circles, shew 
that by giving a suitable value to the constant \, the equa- 
tion w4-\i? = will represent any circle passing through the 
points of intersection of the given circles. 

12. A fixed circle is cut by a series of circles, all of which 
pass through two given points ; shew that the lines which 
join the points of intersection of the fixed circle with each 
circle of the series all meet in a point. 
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CHAPTER VIII, 

THE PARABOLA. 

123. There are three curves which we now proceed to 
define ; we shall then deduce their equations from the defini- 
tions, and investigate some of their properties from their 
equations. 

Def. a conic section is the locus of a point which raoves 
so that its distance from a fixed point bears a constant ratio to 
its distance from a fixed straight line. If this ratio be unity, 
the curve is called di, parabola, if less than unity, an ellipse, if 
greater than unity, an hyperbola. 

The fixed point is called the focus, and the fixed straight 
line the directrix. 

124. It will be shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following ; 
a parabola, an ellipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola — and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also prove that every 
curve of the second degree must be a conic section in this 
larger sense of the term. 

At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 

125. To find the equation to the Parabola. 

A parabola is the locus of a point which moves so that its 
distance from a fixed point is equal to its distance from a 
fixed straight line. 
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EQUATION TO THE PARABOLA. 



Ill 




Let 8 be the fixed point, YY' the fixed straight line. 
Draw 80 perpendicular to YY'; take as the origin, 08 
as the direction of the axis of a;, OF as that of the axis of y. 
Suppose 08=2a.f£^, 

Let P be any point pn the locus ; join SP; draw PM 
parallel to OY and PN parallel to OJT; let OM^x, 
PM^y. 

By definition 

8P^PN', 
:. 8P'^PJSr; 
.\ PM'+8]iP = PiP, 
that is, y* 4- (a; — 2a)* = a?; 

/. ^ = 4a(a;-a) (1). 



This is the equation to the parabola with the assumed 
ori^n and axes. The curve cuts the axis of a; at a point A 
which bisects 08; for when y = in (1), we have x^a. 
The equation will be simplified if we put the origin at A ; 
let «?',= AMf then x^^x — a, and (1) becomes 

^" = 403/. 
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FORM OF THE PARABOLA. 



We may suppress the accent, if we remember that the 
origin is now at A ; thus we have for the equation to the 
parabola 

y^^Aojx (2). 

126. To trace the parabola from its equation y^= 4ax. 




From this equation we see that for every positive value 
of X there are two values of y, equal in magnitude, but of 
opposite sign. Hence for every point P on one side of the 
axis of ic, there is a point P' on the other side, such that 
FM=PM, Hence the curve is symmetrical with respect 
to the axis oix. Negative values of x do not give possible 
values of y ; hence no part of the curve lies to the left of the 
origin. As x may have any positive value, the curve extends 
without limit on the right of the origin. 

A is called the vertex of the curve and. AX the axis of the 
curve. -^ A 

127. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
the vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 
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FOCAL DISTANCE OF ANY POINT, 113 

Let P be the fixed point ; x\ y\ its co-ordinates ; then the 
equation to AP is 

since y*^ = 4aa?'« 

Let X denote any abscissa less than x\ then since the ordi- 
nate of the curve is f^{4:ax)j and that of the straight line is 

a/ [—TJ*^ ^^ a/( 7 ^ ^(^^' ^* ^® obvious that the ordi- 
nate of the curve is greater than that of the line. 

128. Def. The double ordinate through the focus of a 
conic section is called the Latus Eectum. 

Thus in the figure in Art. 126, LSL' is the Latus Rectum. 

Let oj = a, then from the equation ^ = Adx, y = + 2a. 
Hence L8= L'8= 2a ; and LL= 4a. 

129. To express the focal distance of any point of the 
parabola in terms of the abscissa of the point. 

The distance of any point on the curve fi:om the focus is 

Sual to the distance of the same point fi:om the directrix, 
ence (see fig. to Art. 125), 

SP^AM^AS, 



TangefnJt and normal to a Parabola. 

130. To find the eqvMion to the tangent at any point of 
a parabola. (See Def. Art. 90.) 

Let x\ y\ be the co-ordinates of the point, 

x'\y'\ the co-ordinates of an adjacent point. on the 
curve. 
T,C.S. ^8 , 
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114 TANGENT TO A PARABOLA. 

The equation to the secant through these points is 

y-^^'^fcl^*-^') W'- 

smce (a?', y") and {x", y") are on the parabola 
3^ = 4aa;', y"*=4oaj": 
... y"«_y'' = 4a(aj"-x'); 

. y"-y'- ^ . 

" a^'-z'~y" + y" 
hence (1) may he written 

Now in the limit y'* =y'; hence the equation to the tangent 
at the point {x\ y) is 

y_y' = !f(x-«') (2). 

This equation may be simplified ; multiply by y\ thus 
yy=:2a(a;-a?')+y", 
= 2ax — 2aa! + ^aalj 
= 2a(aj + aj') (3). 

131. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the line 
makes with the axis of the parabola. 

For the equation to the tangent at (aj', y') is 

yy'=2a(aj+a;'), 

2a . 2aaj' 
or V = -7 aj H r- 

^ y y 

_ 2a 4aa;^ 

-7^4 .(')• 
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Let — —m; /. ^ = — ; 

thus (1) may "be written, 



a 



y = ma:+- (2); 



this is the required equation. Conversely, every line whose 
equation is of this form is a tangent to the parabola, 

132. It may be shewn as in Art. 93, that a tangent to 
the parabola meets it in only one point. Also, if a line meets 
a parabola in only one point, it will in general be the tangent 
at that point. 

For suppose 

y^^^ax (1) 

to be the equation to a parabola, and 

y^mx + c ; (2) 

the equation to a straight line. To determine the abscissae of 
the points of intersection, we have the equation 

(ma;4-c)' = 4aa?, 

or, mV+ (2«ic - 4a) x + (?=:0 (3) ; 

this quadratic equation will have two roots, except when 

{mc — 2a)' = wV, 
that is, when 

a ._.-. 

m 

Hence if the line (2) meets the parabola, it will meet it in 

two points, unless c = — , and th,en the line is a tangent to 

the parabola by Art. 131. .. 

If, however, the equation (2) be of the form y = c, so that 
the line is parallel to the axis of », then instead of (3) we have 
the equation c' = 4aa?, which has but one root; hence a line 
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116 .NORMAL TO A PARABOLA. 

rallel to the axis of the parabola meets it in only one point, 
lut is not a tangent. 

133. The axis of y is a tangent to the curve at the 
vertex. 

For the equation to the tangent at (a;', y') is 

yy' = 2a{x^x)] 

and when a?' = and y' = 0, this becomes 

a? = 0. 

134. To find the equation to the normal at any point of 
a parahola. (See Def. Art. 97.) 

Let x\ y\ be the co-ordinates of the point ; the equation 
to the tangent at that point is 

y = y (« + a;) (1). 

The equation to a line through {x\ y') perpendicular to 

(l)is 

y-y'=~ 1^ (^-^') (2). 

This is the equation to the normal at {x', y'). 

135. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the line makes 
with the axis of the curve. 

For the equation to the normal is 

y=.l^+^+£. (1). 

Let — ^ = m ; /, y'ss^ 2am ; 

thus (1) may be written 

yas»w? — 2awi-am* (2). 
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136. We shall now deduce some properties of the parabola 
from the preceding articles. 

Let cc', y\ be the co-ordinates of P; let PT be the tangent 
at P and PGAhe normal at P. 

The equation to the tangent at 'Pis 




Let y = 0, then x = — x'; hence AT=s AM. 
Also. 8T=AT+AS, 

=^AM+A8' 

= ;8P, (Art. 129). 

Hence the triangle STP is isosceles, and the angle 8TP 
= angle fiPr. 

Thus if PN be parallel to the axis of the curve, PN and 
P8 are equally inclined to the tangent at P. 

137. The equation to the normal at P is 



~«/' = -^ra;- 



y-y 



2a 



{x —x'). 
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At the point O^ where the normal cuts the axis, y=0; 
hence from the above equation 

a? — a?' = 2a; 

thus MG = 2a = half the latus rectum. Also 8G = SP. 

138. To find the locus of the intersection of the tangent at 
anyjmni with the perpendicular on 'U from the focus. 

Let Xy y\ be the co-ordinates of any point P on the curve ; 
the equation to the tangent at P is 

y^^f^x+x-) (1). 

The equation to a line through the focus perpendicular 
to (1) is 

y^.li^^.a) (2). 

We have now to eliminate x' and y' by means of (1), 
(2), and 

^" = 400?' (3). 

From (3) we find x' in terms of y', and thus (1) may be 
written 

y-^-4 •. (*)• 

Thus the problem is reduced to the elimination of y' from 
(2) and (4) ; from (2) 

y'-^.-- • '■^y- 

substitute in (4) ; then 

{x^a)x ay ^ 
y x-a' 

^ /. y'(aj — a) 4-(aj — a)*a; + ay' = 0, 

or {y'+(a?--a)'la; = 0, (6). 

If the factor y* + (a? — a)' be equated to zero, we have 

y = 0, x^a (7). 
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The point thus determined is the focus; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfjr (1). We 
conclude therefore that the required locus is given by the 
equation 

a: = (8), 

which we obtain by considering the other factor in (6). 

This result can be easilv verified ; for if we put a? = in 
(1) we obtain y== — r =^; and if we put a; = in (2), we 

also. obtain y=^; thus (1) and (2) intersect on the line 

Thus, if in the fig. in Art. 136, -^be the intersection of the 
tangent at Pwith the axis of y, 8Z is perpendicular to the 
tangent, 

139. The process of the preceding Article is of frequent 
use and of great importance. We have in (1) and (2; the 
equations to two straight lines ; if we obtain the values of x 
and y from these simultaneous eq^uations, we thus determine 
the point of intersection of the Imes ; the values of x and y 
will depend upon those of x' and y', thus giving difierent 
points of intersection corresponding to the different lines re- 
presented by (1) and (2). If from (1), (2), and (3) we elimi- 
nate X and y' we obtain an equation which holds for the 
co-ordinates of every noint of intersection of (1) and (2). This 
equation is by our definition of a locus the equation corre- 
sponding to the locus of the intersection of (1) and (2). 

Sometimes the elimination produces, as in the preceding 
article, an equation which does not represent the required 
locus. The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
article, since, whatever x and y' may be, the values x^a,^ 
y = 0, satisfy one of the equations which we use in effecting 
the elimination, we might anticipate that our result would 
involve a corresponding factor. 
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140. . If the line from the focus, instead of being perpen- 
dicular to the tangent, meet it at any constant angle, the 
locus of their intersection will still he a straight line. We 
will indicate the steps of the investigation. Suppose /8 the 
angle between the tangent and the line from the focus; 
equation (1) remains as in Art. (138) ; instead of (2) we have, 
by Art. 45, 

^ + tan/3 
l-H^tan/3 

y 

2a + ytan/8, . 
y — 2atanp^ ' 

Instead of (5) in Art. 138, we shall find, 

; _ 2a (a; — g) 4- 2ay tan/9 
^ "" y — (a: — a) tan /J 

The result of the elimination is 

y {y— (aj — a) tan/J}{a; — a + y tan/8} 

— x[y'- (x-a) tan/8f-a(aj-o+y tan/8)* = 0. 

Now, guided by the result of Art. 138, we may anticipate 
that t/^+{x — ay will prove a factor of the left-hand member 
of the equation ; and we shall find by reduction that the equa- 
tion may be written 

{y^ + (a; - aY] {y tan /3 - ic tan'* /3 - a} = 0. 

Hence the required locus is 

y = a; tan fi + a cot /8. 

141. To find the length of the perpendicular from the focus 
on the tangent at any point of the parabola. 

The equation to the tangent at the point {x, y) is 
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TWO TANGENTS FROM AN EXTERNAL POINT. 121 

The perpendicular on this from the point (a, 0) by Art. 47 

Call the focal distance of the point of contact r, and the 
perpendicular^; then, by Art. 129, 

r = a + a?' ; 

142. From any external point two tangents can he drawn 
to a parabola. 

Let the equation to the parabola be 

y = 4aa? (1), 

and let A, i, be the co-ordinates of an external point. Sup- 
pose x'y y'y the co-ordinates of a point on the parabola such 
that the tangent at this point passes through (A, h). The 
equation to the tangent at [x\ y) is 

yy'^2a{x-{-x') (2). 

Since this tangent passes through (A, h) 

hy' = 2a (A 4- a?') (3). 

Also since {x\ y') is on the parabola 

y"^ ^ ^ax* (4). 

Equations (3) and (4) determine the values of x and y\ 
Substitute from (4) in (3), thus 

or, y" - 2hy' + 4aA = 0. 

The roots of this quadratic will be found to be both pos- 
sible, since fA, k) is an external point and therefore A' greater 
than 4aA. To each value of y' corresponds one value of x' 
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by (3) ; hence tioo tangents can be drawn from any external 
point. 

The line which passes through the points where these tan- 
gents meet the parabola is called the awrd of contact. 

143. TangerUs are dravm to a parabola from a given ex- 
ternal poirU; to find the eqtiation to the chord of contact. 

Let h, k, be the co-ordinates of the external point; a?i, y^, 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the parabola; aj^y-, the co-ordinates of the point 
where the other tangent from (h, k) meets the parabola. 

The equation to the tangent at (ajj, yj is 

yy, = 2a(a; + irj (1). 

Since this tangent passes through (A, Tc) we have 

J!yj = 2a(A + a?,) (2). 

Similarly, since the tangent at (a?,, yj passes through 
{h,k) 

iy, = 2a(A + a;,) (3). 

Hence it follows that the equation to the chord of con- 
tact is 

% = 2a(aj + A) (4). 

For (4) is obviously the equation to some straight line ; also 
this line passes through (ajj, yj, for (4) is satisfied by the 
values x^x^^ y = y^, as we see from (2) ; similarlyfrom (31 
we conclude liiat this line passes through (a?,, yj. Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a parabola nrom a given external point. Draw the line 
which is represented bv (4), join the points where it meets 
the parabola with the given external pomt, and the lines thus 
obtamed are the required tangents. 

144. Through any fixed point chorda are drawn to a para- 
lola, and tangents to the parabola dravm at the extremities of 
each chord; — the locus of the intersection of the tangents is a 
straight line. 
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Let A, hy be the co-ordinates of the point through which the 
chords are drawn ; let tangents to the parabola be drawn at 
the extremities of one of these chords, and let (a?^, yj be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 143, 

But this chord passes through (A, h) ; therefore 

iy^ = 2a (A + a?J. 
Hence the point (a?j, yj lies on the line 

iy = 2a (a; + A) ; 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

145. If from any point in a straight line a pair of tangents 
he drawn to a parabohf the chords of contact will all pass 
through a fixed point. 

Let Ax^-By+C^O (1) 

be the equation to the straight line ; let [x\ y') be a point in 
this line from which tangents are drawn to the parabola; 
then the equation to the corresponding chord of contact is 

yy' = 2a{x + x') !(^). 

Since {x\ y') is on (1) ^,. 

therefore (2) may be written 

y {Ax' + C)+ 2aB {x + a?') = 0, 

or, {Ay + 2aB)x'+Cy + 2aBx=^0 (3). 

Now whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

J[y + 2ajB = 0, (7y + 2aJ3aj = 0; 
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that is the point for which 

2aB G 

146. The student should observe the different interpreta- 
tions that can be assigned to the equation 

yky =s 2a (a? + A). 

The statements in Art. 103 with respect to the circle may all 
be applied to the parabola. 



Diameters. 

147. To find the length of a line drawn from any point in 
a given direction to meet a parabola. 

Let X, y', be the co-ordinates of the point from which the 
line is drawn ; x, y , the co-ordinates of the point to which the 
line is drawn ; the inclination of the line to the axis of x ; 
r the length of the line ; then (Art. 27) 

x^x' + rcos0, y =y + rsin^ (1). 

If (a?, y) be on the parabola, these values may be substituted 
in the equation y^ = ^ax ; thus 

(y + »* sin 0y = 4a {x' + rco9 0); 

.-. r^ sin' ^ + 2r {y' sin ^ - 2a cos ^) + y'* - 4ax' = 0.... (2). 

From this quadratic two values of r can be found, which 
are the lengths of the lines that can be drawn from (a?', y') 
in the given direction to the parabola. 

When the point {x\ y) is vnthin the parabola, the roots of 
the above quadratic will be of different signs ; in this case 
the two lines that can be drawn from {x\ y) to meet the 
curve are drawn in different directions. When the point 
[x\ y') is without the parabola, the roots are of the same sign, 
and the lines are drawn in the same direction. 
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148. Dep. a diameter of a curve is the locus of the 
middle points of a series of parallel chords. 

149. To find the diameter of a given system of parallel 
chords in a parabola. 

Let 6 be the inclination of tlie chords to the axis of the 
parabola ; let x\ y\ be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
lengths of the lines drawn from {x\ y) to the curve is 
(Art. 147) 

r' sin" ^ + 2r (y' sin ^ - 2a cos 0) ^y*^- ^ax =0.... (1). 

Since {x, y) is the middle point of the chord, the values of 
r furnished by this quadratic must be equal in magnitude 
and opposite in sign ; hence the coefficient of r must vanish ; 
thus, 

y' sin ^ — 2a cos ^ = ; 

.•. y = 2acot^ (2); 

thus the required diameter is a straight line parallel to the 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
bola. 

Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords ; for by giving to ^ a suitable value, the equation (2) 
may be made to represent any line parallel to the axis. 

150. Let a tangent be ^awn to the parabola at the point 
where the line y' = 2acot^ meets the parabola;, the equation 
to the tangent is 

2a , , rx 

that is, y = tan^ (« + a?') ; 

h>ence, the tangent at the extremity of any diameter of the 
parabola is parallel to the chords which that diameter bi' 
sects. 
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EQUATION TO THE PARABOLA REFERRED 



151. To find the equation to the parabola^ the axes 
any diameter and the tangent at the point where it 
the curve. 




Let A, hy "be tlie co-ordinates of a point A on the parabola ; 
take this point for a new origin; draw through it a line 
A'X* parallel to the axis of tne curve for the new axis of 
0?, and a tangent A! Y' to the curve for the new axis of y. 
Let TA'X' ^0; then (Art. 150) 

^^?^=:tan^. 'k 

Let Xy y, he the co-ordinates of a point P on the curve 
referred to the original axes ; x\ y\ tne co-ordinates of the 
same point referred to the new axes ; draw FM parallel to 
^Fand PJkT parallel to AT\ also draw AL, MN, parallel 
to -4 y ; let JB denote the intersection of FM and AX*\ then 

x^AM^AL^LN-^NM^AL^AlF ^WR 



= A + a;'+y cos^, 



Digitized by VjOOQ IC 



TO A DIAMETEE AND TANGENT AS AXES. 127 

Substitute these values in the equation y^^^Aax; thus 
{k+ y' smOy =^ia {h + x' +y' COS0), 
or y''sin"^ + 2y' {Jc sintf -2a cos^ +** -4aA = 4mx\ 
But, A; =s 2a cot 0y and J^ =^ ^ah\ thus we have 
y"sin*5 = 4aaj', 

ra 4a , 

which is the required equation. 
We may prove that 

snrv ' 

for iS4' = a + A (Art. 129) ; and 

A' 
A = T- = « cot^ 6 ; 
4a ' 

.•• a + A=- 



sin'^* 

Hence the equation may be written 
y'*=4aV, 
where a'= 564'; or suppressing the accents on the variables 

y' = 4a'a?. 

152. The equation to the tangent to the parabola will be 
of the same form whether the axes be rectangular, or the 
oblique system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out anv change to the equation ^ = 4a'aj which represents a 
parabola referred to such an oblique system. 

153. Tangents at the extremities of any chord of a parabola 
meet in the diameter which bisects that chord. 
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Refer the paralK)la to the diameter bisecting the chord, and 
the corresponding tangent, as axes ; let the equation to the 
parabola be 

y^ = 4a'a; ; 

let a;', y\ be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 

yy'^2ci{x^x') (1). 

The co-ordinates of the other extremity of the chord are 
i»'> "* y' \ ^^^ tJi^ equation to the tangent there is 

^yy'^2d{x^a!) (2). 

The lines represented by .(1) and (2) meet at the point for 
which 

y = 0, « = -«'; 
this proves the theorem. 



Folar Equation, 
^olar Equation to \ 

Let ;8P=r, A8P=^ 6, (see Fig. to Art. 125) ; 



154. To find the Polar Equation to the parabola^ the focus 
being the pole. 



then 


8P=PN, by definition; 


that is. 


8P= 08+ 8M; 


or 


r = 2a + r cos (tt — 5) ; ^ 




.-. r(l+cos^) = 2a, 


aTi<1 


2a 


CbilU 


1+C08^' 


If we 


denote the angle XSPhj 0, then we have as before 




8P^08+8Mi 


thus 


r = 2a + r G08 ^, 


and 


2o 

5* — 




1-cos^* 
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155. The polar equation to the parabola when the vertex 
is the pole may be conveniently deduced from the equation 
y* = 4mx by putting r cos and r sin ^ for x and y respec- 
tively ; we thus obtain 

_ 4a cos g 
sm^^ 

We add a few miscellaneous propositions on the parabola. 

Def. a chord passing through the focus of a conic sec- 
tion is called a focal chord. 

156. If tangents be drawn at the extremities of any focal 
chord of a parahola, (1) the tajigents will intersect in the 
directrix^ t^) the tangents will meet at right angles, (3) the 
line drawn from the point of intersection of the tangents to 
the focus will he perpendicular to the focal chord, 

(1) If the tangents to a parabola meet in the point (A, h) 
the equation to the chord of contact is, by Art. 143, 

hy=i 2a(aj4- A). 

Suppose the chord passes through the focus; then the 
values x = a, y = 0, must satisfy this equation ; 

.•. = 2a(a + A); 

.'. Ar= — a; 

that is, the point of intersection of the tangents is on the 
directrix. • 

(2) The equation to the tangent to a parabola may be 
written, (Art. 131), 

y=^mx'\ — . 
^ fn 

Suppose (A, Jc) a point on the tangent ; 

.*. hm^ — km + a == 0. 

This q^ladratic will determine the inclinations to the axis 
of the parabola of the two lines that may be drawn through 
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the point (A, h) to touch the parabola. Suppose w^, m^, the 
tangents of these inclinations, then by the theory of quad- 
ratic equations 

a . 

If A = — a, Tw^TWj = — 1 ; 
that is, the two tangents are at right angles. 

(3) The equation to the line through the focus and 

(A) h) is 

If A = — a, this becomes 

and the line is therefore perpendicular to the focal chord of 
which the equation is 

y^ = 2a(a; — a). 

157. If through any point within or vnthout a parabola^ 
two lines he drawn parallel to two given straight lines to meet 
the curve, the rectangles of the segments will be to one another 
in an invariable ratio. 

Let (a^, y") be the given point, and suppose a and fi 
respectively the inclinations of the given straight lines to 
the axis of the parabola. By Art. 147, if a line be drawn 
through {of, y") to meet the curve and be inclined at an angle 
a to the axis, the lengths of its segments are given by the 
equation 

r* sin'* a + 2r (y sin a — 2a cos a) + y^ — 4aa/ = 0. 

Therefore by the theory of quadratic equations the rect- 
angle of the segments 

y^ - 4aa/ 



ain*a 
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Similarly the rectangle of the segments of the line drawn 
through {x\ y') at an angle )8 

" sin'/3 • 

• 20 

Hence the ratio of the rectangles = . J^ , 

sm'a 
and this ratio is constant whatever x' and y may he. 




Let be the point throujgh which the lines (?J%, OQq, 
are drawn inclined to the axis of the parabola at angles a, p, 
respectively ; then we have proved that 
OP. Op sin^jg 
Oe.Oy""sin"a' 
Let tangents to the parabola be drawn parallel to Pp, Qq, 
meeting the parabola m E and D respectively ; let ;8^ be the 
focus ; then by Art. 151, 

8E sin' 13 OP. Op _8E 

. )SZ>""sin»a' •■• OQ.Oq'81)' 

Suppose to coincide with T; then OP. Op becomes 
TE^ and OQ. Oq becomes TL^-, 

TW BE 
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EXAMPLES. 



' 1. Find the equation to the line joining A and L. (See 
Fig. to Art. 126.) S s ^M ..si . 

^ 2. Find the equation to the circle which passes through 
A, i, L. (See Fig. to Art. 126.) 



3. A point moves so that its shortest distance from a 
^ equal 

meter of that circle ; find the locus of the point. 



given circle is equal to its distance from a given fixed dia- 



4. Trace the curves y* = 4aa;, and a:^.+ 4ay = ; and de- 
termine their points of intersection. 

5. Determine the equation to the tangent at L. (See 
Fig. to Art. 126.) 

6. Find the angle between the lines in questions 1 and 5. 

7. Determine the equation to the normal at L. 

8. Find the point where the normal at L meets the curve 
again, and the length of the intercepted chord. 

9. Find the point in a parabola where the tangent is 
inclined at an angle of 30^ to the axis of x. 

10. The length of the perpendicular from the foot of 
the directrix on the tangent at (a?', y\ is ,^\ T s^ • 

11. Find the points of contact of tangents the perpendicu- 
lars on which from the foot of the directrix are equal to one 
fourth of the latus rectum. 
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12. A circle has its centre at the vertex ^ of a parabola 
whose focus is ;8^, and the diameter of the circle is dAS; 
shew that the common chord bisects AS, 

13. Trace the curve y = x — a?, and determine whether 
the straight line x-\-y = l is a tangent to it. 

14. The tangent at any point of a parabola will meet the 
directrix and latus rectum produced in two points equally 
distant from the focus. 

15. PM is an ordinate of a point P in a parabola ; a line 
is drawn parallel to the axis bisecting PM and cutting the 
curve in Q; MQ cuts the tangent at the vertex A m T; 
shew that ^T=|Plf. 

16. If from, any point P of a circle PC be drawn to the 
centre O, and a chord PQ be drawn parallel to the diameter 
A GB and bisected in J2, shew that the locus of the inter- 
section of GP and AB is a parabola. 

17. Find the ordinates of the points where the line 
y=s7?ia? + c meets the parabola; hence determine the ordi- 
nate of the middle pomt of the chord which the parabola 
intercepts on this line. 

18. ^ is the origin, P is a point on the axis of y, BQ a 
line parallel to the axis of a? ; iu AQ, produced if necessary, 
P is taken such that its ordaiate is equal to BQ ; shew that 
the locus of P is a parabola. 

19. From any point Q in the line BQ which is perpen- 
dicular to the axis GAB of a parabola whose vertex is -4, 
PQ is drawn parallel to the axis to meet the curve in P; 
shew that if GA be taken equal to AB^ the lines AQ and 
GP will intersect on the parabola, 

20. At the point (a?', y*) a normal is drawn ; find the co- 
ordinates of the point where it meets the curve again, and the 
length of the intercepted chord. 
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21. If the normal at any point P meet the curve again 
in Q^ and 8P==^r, and^ be the perpendicular from S on the 

tangent at P, then PQ = -^ . 

22. P is any point on a parabola, A the vertex ; through 
A is drawn a line perpendicular to the tangent at P, and 
through P is drawn, a line parallel to the axis ; the lines thus 
drawn meet in a point Q; shew that the locus of Q is a 
straight line. Find also the equation to the locus of Q 
the intersection of the perpendicular from A and the ordinate 
at P. 

23. PQ is a chord of a parabola, PT the tangent at P. 
A line parallel to the axis of the parabola cuts the tangent 
in T, the arc PQ in JE, and the chord PQ in F. Shew that 

TE : EF :: PF : FQ. 

24. In a parabola whose equation is y* = 4aaj, pairs of 
tangents are iawn at points whose abscissae are in the ratio 
oil : fi; shew that the equation to the locus of their inter- 
section will be 

when the points are on the same side of the axis, and 

when they are on different sides. 

25. Two straight lines are drawn from the vertex of 
a parabola at right angles to each other; the points where 
these lines meet the curve are joined, thus forming a right- 
angled triangle ; find the least area of this triangle. 

26. Let r and r' be the lengths of two radii vectores 
drawn at right angles to each other from the vertex of a 
parabola; then 

(/T')* = 16a«(r* + r'«). 

27. Find the polar equation to the parabola referred to 
the foot of the directrix as origin and the axis of the curve as 
initial line. 
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28. If a line be drawn from the foot of the directrix 
cutting the parabola, the rectangle of the intercepts made by 
the curve is equal to the rectangle of the parts into whicn 
the parallel focal chord is divided by the focus. 

29. Find the polar equation to the parabola when the 
foot of the directrix is the origin and the initial line the 
directrix. 

30. A system of parallel chords is drawn in a parabola ; 
ifind the locus of the ' point which divides each chord into 
segments whose product is constant. 

31. In a triangle ABC if tan A tan -^ = 2, and AB be 

fixed, the locus of C will be a parabola whose vertex is A 
and focus B. 

32. Find the equation to the parabola referred to tangents 
at the extremities of the latus rectum as axes. 

33. Find the equation to the parabola referred to the 
normal and tangent at i^ as axes. 

34. Pis a point on a parabola; x*,v', are its co-ordinates; 
find the equation to the circle described on 8P as diameter. 

35. Shew that the circle described on 8P as diametei' 
touches the tangent at the vertex. 

36. If the line y — m{x--a) meets the parabola in [af^ y) 
and (x'\ y") shew that 

37. A circle is described on a focal chord of a parabola as 
diameter ; if «i be the tangent of the inclination of this chord 
to the axis of a;, the equation to the circle is 

\ m J m 

Digitized by VjOOQ IC 



136 EXAMPLES ON THE PARABOLA, 

38. Any circle described on a focal chord as diameter 
toucTkes the directrix. 

39. If the focus of the parabola be the origin, shew that 
the equation to the tangent at {x\ y) is 

yy = 2a(aj + a;' + 2a). 

40. If the focus of a parabola be the origin, shew that the 
equation to a tangent to the parabola is 

41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the other at right 
angles ; find the locus of the point of intersection. 

42. If a chord of the parabola ^=4aa? be a tangent of 
the parabola ^=8a (cc — c), shew that the line x^c bisects 
that chord. 

43. From any point there cannot be drawn more than 
three normals to a parabola. 

44. In a parabola whose equation is ^= 4aaj, the ordinates 
of three points such that the normals pass through the same 
point are ^j, y,, y,; prove that y^+y^-^-y^^O. Shew also 
that a circle described through these three points passes 
through the vertex of the parabola. 

45. If two of the normals which can be drawn to a para- 
bola through a point are at right angles, the locus of that 
point is a parabola. 

46. If two equal parabolas have the same focus and their 
axes perpendicular to each other, they enclose a space whose 
length PQ = twice the latus rectum, and breadth 

__ latus rectum 

47. Find the length of the perpendicular from an external 
point [h, k) On the corresponding chord of contact. 
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48. From an external point (A, k) two tangents are 
drawn to a parabola ; shew that the length of the chord of 
contact is 

————^—^—^————^ « 
a 

49. From an external point (A, h) two tangents are drawn 
to a parabola ; the area of the triangle formed by the tan- 
gents and chord is ^^ — . 

50. Tangents to a parabola TP, Tp, are drawn at the 
extremities of a focal chord ; PG^ pg^ are normals at the 

same points. Shew that -p^ -f — ^ is invariable ; and that 

the normals subtend equal angles at T, 

51. Two equal parabolas have the same axis but their 
vertices do not coincide. If through any point on the inner 
curve two chords of the outer curve POp, QOq^y be drawn 

at right angles to one another, then p/) /j ^+ qq n ^® 
invariable. 

52. A circle described upon a chord of a parabola as 
diameter just touches the axis ; shew that if be the inclina- 
tion of the chord to the axis, 4a the latus rectum of the 
parabola, and c the radius of the circle, 

tana = — . 
c 

53. K ^, ^, be the inclinations to the axis of the parabola 
of the two tangents through (A, Je) shew that 

tan ^ + tan ^ = T ; tan 5 tan ^' = y . 

54. If two tangents be drawn to a parabola so that the 
sum of the angles which they make with the axis is constant. 
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the locus of their intersection will be a straight line passing 
through the focus. 

55. Shew that the two tangents through (A, h) are repre- 
sented by the equation 

A(y~A;)'-i(y-A;)(aj-A)+a(a;-A)" = 0; 
or (A:»-4aA)(3^-4aa;) = {*y-2a(a? + A)}^ 

56. Shew that the lines drawn from the vertex to the 
points of contact of the tangents from (A, h) are represented 
by the equation 
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CHAPTER IX. 



THE ELLIPSE. 

158. To find the equation to the ellipse. 

^ The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity. 




Let 8 be the fixed point, YY' the fixed straight line. 
Draw 80 perpendicular to YY' ; take as the origin, 08 
as the direction of the axis of a;, OF as that of the axis of y. 

Let P be a point on the locus ; join 8P\ draw Pif parallel 
to or and P^ parallel to OX. Let 08=j>, and let e be the 
ratio of 8F to FN. Let x, y, be the co-ordmates of P. 
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By definition, 

SP^e.PN; 

.-. PM^+8M' = e'PN', 

that is y* + (a? — i>)" = «V. 

This is the equation to the ellipse with the assumed origin 
and axes. 

159. To find where the ellipse meets the axis of a?, we 
put y = in the equation to the ellipse ; thus 

(iB-jp)" = eV; 

/. X "p =:±€X; 

P 

• • •*/ — - • 

1 + e 

Let OA' = -^— and OA = zr^— ; then A and A' are points 
1+e 1 — 6' ^ 

on the ellipse. 

A and A"^ are called the vertices of the ellipse, and (7, the 
point midway between A and A% is called the centre of the 
ellipse, 

160. We shall obtain a simpler form of the equation to 
the ellipse by transferring the origin to A' or G. 

I. Suppose the origin at A\ 

Since OA' = --^ , we put a; = a?' + -^ and substitute 
1 + e ^ l + « 

this value in the equation 

3^ + (aj-;>)« = eV; 

thus y^^{a^^^^^^p)L^(^^^ 
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The distance A A = —2 .^^ == P we shall denote 

l — e 1 + e 1 — 6^' 

this by 2a ; hence the equation becomes 

We may suppress the accent if we remember that the origin 
is at the vertex A', and thus write the equation 

y'={l^e'){2ax^x') (1). 

II. Suppose the origin at C. 

Since A'C=a, we put x = x' + a and substitute this value 
in (1) ; thus 

y=(l-e«){2a(a;' + a)-(a?' + an 

We may suppress the accent if we remember that the origin 
is now at the centre C, and thus write the equation 

/=(l-6»)(a»-a:») (2). 

In (2) suppose a; = 0, then ^ = (1 - 6*) a* ; if then we denote 
the ordinate CB by b we have J' = (1 - e') a*; thus (1) may 
be written 



y' = ^,{2ax-a^ (3), 



and (2) may be written 



y=^.(o'-x^ : (4), 



or, more symmetrically, 

1, or ay + JV = 
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161. Since A'8=eOA' and 0-4'=-^, we have 

1 + e' 

l + e e 

8C = A'C-A'8=a-a{l-e)=ae, 

e e 

^ e 

162. We may now ascertain the form of the ellipse. Take 
the equation referred to the centre as origin 



3/« = ^.(a«-aO, 



.(1). 




For every value of a; less than a there are two values of y, 
equal in magnitude but of opposite sign. Hence if P be a 
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point in the curve on one side of the axis of x there is a point 
P' on the other side of the axis such that P'M=^ PM. Hence 
the curve is symmetrical with respect to the axis of x. Values 
of X greater than a do not give possible values of y ; hence, 
CA being equal to a, the curve dx)es not extend to the right 
oi A. 

If we ascribe to x any negative value comprised between 
and — a, we obtain for y the same pair of values as when we 
ascribed to x the corresponding positive value between 
and a. Hence the portion of the curve to the left of YY is 
similar to the portion to the right of YY\ 

As the equation (1) may be put in the form 

■ ^-^^{h*-y^ (2), 

we see that the axis of y also divides the curve symmetrically 
and that the curve does not extend beyond the points B and 
B\ where CB and CB' each = h. 

The line E'K is the directrix; 8 is the corresponding 
focus. 

Since the curve is symmetrical with respect to the line 
YGT, it follows that if we take CH^ CS^Bui GE= GE\ 
and draw ^£' perpendicular to CE, the point ff and the line 
EK will form respectively a second focus and directrix by 
means of which the curve might have been generated. 

163. The point C is called the centre of the ellipse because 
every chord of the ellipse which passes through C is bisected in 
C. For suppose (A, k) to be a point on the curve, so that 
the equation 

is satisfied by the values a; = A, ^ = i ; then (— A, — A) is also 
a point on the curve, because smce a? = A, y = k^ satisfy the 
above equation, it is obvious that a; = — A, y=^k, will also* 
satisfy it. Hence to every point P on the curve there corre- 
sponds another point P^ in the opposite quadrant, such that 
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PCP, is a straight line and P,C—PC. Hence every chord 
passing through C is bisected in G. 

164. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of anv point of the curve which lies between 
a vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining that vertex 
and the fixed point 

Let A* be the vertex and take it for the origin ; let P be 
the fixed point ; a?', y\ its co-ordinates. Then the equation 
to the ellipse is (Art. 160) 

The equation to A'P is y = ^,x, or, y = -A /(— r — Ija:, 
since {x\ y) is on the ellipse. 

Let X denote any abscissa less than x\ then since the 
ordinate of the curve is -^/{2ax — a?) or -a/( Ija;, 

and that of the straight line is -a /(— r — l) a?, it is obvious 

that the ordinate of the curve is greater than that of the 
line. 

165. A A' and BB' are called aoces of the ellipse. The 
axis AA' which contains the two foci is called the major axis 
and sometimes the transverse axis; BB' is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
firom the focus bears to the distance of the same point firom 
the corresponding directrix is called the excentricity of the 
ellipse. We have denoted it by the symbol e. 

To find the latm rectvm (see Art. 128) we put x = Cff, 
that is, = 06, in equation (1) of Art. 162 ; thus 

,_ &V(l-^ _y 
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.'. XJT=s — , and the latus rectum == — . 
a a 

Since J'==a'' — aV; /. J' + aV = a*; that is, 

similarly, B8=a. 

166. To eocpress the focal distances of any point of the 
ellipse in terms of the abscissa of the point. 



K' 

sr / 


r 


P N 




( ^^ 


—^ 








C JBt Jk 


J ' 


X 









Let 8 be one focus, E'K' the corresponding directrix ; H 
the other focus, jEK'the corresponding directrix. Let Pbe a 
point on the ellipse ; a:, y, its co-ordinates, the centre being 
the origin. Join SP, HPy and draw N'PN parallel to the 
major axis, and Pif perpendicular to it. 

Then 8P^ePN'^e{E'G-\-CM)^e{^^-\-o^^a + ex. 
Also, HP^ePN^e{CE^CM)r=^e(^^x'j^a^ex. 
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t 

Hence 8P+HP= 2a ; that is, the sum of the focal distances 
of any point on the ellipse is equal to the major axis. 

167. The equation y* = -5 (a* — a?*) may be written 

a 
Hence, (see Fig, to Art. 162) 

168. Let a circle be described on the major axis of the 
ellipse as a diameter: its equation referred to the centre as 
origin will be 

Hence if any ordinate MP of the ellipse be produced to meet 
the circle in P' we have 

a 

PM I 
•*• P'M'a* 

Join P' with C the centre of the ellipse; let P'CM^<f>, 
and let a?, y, be the co-ordinates of P; then 

X = GP' cos ^ = a cos ^, 

y ^ -P'M^ - a sin 6 = & sin <4. 
^ a a ^ ^ 

These values of x and y are sometimes useftd in the solu- 
tion of problems. 
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r 




The angle PGM is called the excentric angle of the 
point P. 

169. From Art. 160 we see that the equation to the 
ellipse when the vertex is the origin is 

^' =: 2pex — (1 — e*) a?. 
If we suppose e = 1, this becomes 

which is the equation to a parabola whose latus rectum is 2p. 
Also in the ellipse 



V{l-<^) ' 



ASoTa(l-e) = -^. 

^ 1 +e 
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If we now make 6=1, we have a and h infinite, and 

a (1 — e) =-^. Thus if we suppose the distance between the 

vertex and nearer focus of an ellipse to remain constant 
while the excentricity approaches continually nearer to unity, 
the major and minor axes of the ellipse increase indefinitely 
and the ellipse about the vertex approximates to the form 
of a parabola. 

Thus if any property is established for an ellipse we may 
seek for a corresponding property in the parabola by referring 
the ellipse to the vertex as origin and examining what the 
result becomes when e is made to approach continually to 
unity, while the distance between the vertex and the nearer 
focus remains constant. 



Tangent and Normal to an Ellipse. 

170. To find the equation to the tangent at any point of 
an ellipse. (See Def. Art. 90.) 

Let x\ y, be the co-ordinates of the point, 

x\ y" the co-ordinates of an adjacent point on the 
curve. 

The equation to the secant through these points is 

2'-2''=fci(^-^') (1); 

since (a;', y) and {x", y") are points on the ellipse, 



. y"- y' _ _ ^ a;"+x' 
"x"-x'~ a*'y"+y" 
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Hence (1) may be -written 

y — y = — 5.-7; -,{x--x). 

Now in the limit aj" = a;', andy =y; hence the equation 
to the tangent at the point (»', y) is 

y-y—^ («'-«') (2). 

This equation may be simplified ; multiply by c^y\ thus 
a'yy' + b'xx' = aY + Vx'^ ^ a"6'. 

171. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
line makes with the major axis of the ellipse. 

For the equation to the tangent at [x\ y') is 
a^yy'-\-Vxx^a^b*y 

or ^'^■^^'''■^■y- 

Vx* 
Let — j-7 = «*; thus the equation becomes 
a^y 

V 
y^rnx + -n\ 

we hare then to express — in terms of m. 

Now iV = — a'y'w, 

and aY+Vx'^^c^V] 

4 s fa 
* n . amy », 

.-. ? = V(«V+5'). 
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Hence the equation to the tangent may be written 

y = mx + ^/(cfrf? 4- J'). 

Conversely every Kne whose equation is of this form is 
a tangent to the ellipse. 

It may be shewn as in Arts. 93, 94, that the tangent at 
any point of an ellipse meets it in only one point, and that 
a line which meets an ellipse in only one point is the tangent 
at that point. 

172. The tangents, at the extremities of either axis are 
parallel to the other axis. 

For the co-ordinates of A are a, 0. (See Fig. to Art. 162.) 
Hence, putting x' = a, y' = 0, the equation 

a^yy' -\-Vxx^cl^V 

becomes a? = a, 

which is the equation to a line through A parallel to GY. 
Similarly the tangent at A' is parallel to (7F, and the tan- 
gents at B and B' are parallel to GX. 

173. To find the equation to the normal at any point of 
an ellipse. (See Def. Art. 97.) 

Let af^ y', be the co-ordinates of the point ; the equation 
to the tangent at that point is 

y = --j->a;+- (1). 

ay y" ^ ' 

The equation to a line through (a/, y') perpendicular to 

(1)08 



y-rf=%{^-^) • (2)- 



JV 



This is the equation to the normal at (x',^. 
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174. The equation to the normal may also be expressed 
In terms of the tangent of the angle which the line makes with 
the major axis of the ellipse. 

The equation to the normal at {x\ y') is 



Let TT^ = m ; thus the equation hecomes 



y = nuc ^y (1) ; 

we have then to express ~ y in terms of m. 



Now, JV = ^, 



m 

and ay' + JV^ = aV; 

Hence (1) becomes 

175. We shall now deduce some properties of the ellipse 
from the preceding articles. 

Let x\ y\ be the co-ordinates of P; let PTbe the tangent 
at P, and FG the normal at P; PM^ PN^ perpendiculars on 
the axes. * 

The equation to the tangent at P is 

a^yy' + h^xx' ^a^h\ 

Let ^ = 0, then a; = -? , hence 

•2/ 



^^ CM' 
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/. CM.CT^CA\ 
Similarly, if the tangent at P meet CY in T\ 

CN.CT^GB\ 
176. The equation to the normal at P is 

At the point G where the normal cuts the major axis, 
y = 0, hence from the above equation 



x — x = — 



Vaf 



.'. X = x'il jjase**'. 



Thus 



Ga = iGM. 



At the point G' where the normal cuts the minor axis, 
aj = 0, hence from the above equation 



y=y 



aV 



--WV' 



Thus 



(V 
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177. The lengths of PQ and PG' may be conveniently 
expressed in terms of the focal distances of P. 

PGP^PM' + GM' ■ 
=y'» + a!'»(l-e')'' 



4^H'-'^^^ 







-*\«' 
= ^(«- 


-^x"*). 




Let /»?=/, 


?^P= 


= r; then 






us 


r' = 


= a + ea;', 
P(?' = 


r=a- 

Vrr' 

a* ' 


■ex'; 


Similarly, it 


may 


be she^m that 


' 






PG'*^ 







178. The normal at any point bisects the angle between the 
focal distances of that point. 

Let x\ y\ "be the co-ordinates of P; the co-ordinates of 8 
are — ae, ; hence the equation to SP is, (Art. 35), 



The equation to the normal at P is 

Digitized by VjOOQ IC 






154 PERPENDICULAR ON THE TANGENT. 

Hence the tangent of the angle GPS 
^ l_- 

1 + - 



aY " aY + *V* + Vxae 



JV {x' + ae) 
^ c?^x*y + c?ey' eay 
~ a'b' + b^x'a^ "'Y • 

The equation to J3P is 

y — -r^ — '(aj-o^); 
^ X —ae^ *^ 

hence it may be shewn that the tangent of the angle QFH 
also = -^ ; 

.\8PG^HPG. 

Hence SPT' = HPT\ that is, the tangent at any point is 
equally inclined to the focal distances of that point. 

179. The preceding proposition niay also be established 
thus : 

(7(? = eV, (Art. 176); 

.•. 8G^ae + e^x\ 
and HG = ae— ^x. 

Also SP=a-\-ex\ HP=^a — ex' ; hence 
SG^BP 
MG JdP' 
therefore by Euclid vi. 3, PG bisects the angle 8PH. 

180. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 

Let y = 7waj + V(*' + wV) (1) 

be the e(][uation to a tangent to the ellipse, (Art. 171); then 
the equation to the perpendicular on it from the focus H is, 
(see fig. to Art. 175), 

y = -;;;(^-^) '• (2)- 



m 
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PERPENDICULAB ON THE TANGENT. 155 

If we suppose x and y to hav6 respectively the same values 
in (1) and (2), and eliminate m between the two equations, 
we shall obtain the required locus. 

From (1) y-mx^ V(** + ^V) ; 

from (2) my-\'X^ae\ 

square and add, then 

• ♦". ^' + aj' = a* 

is the equation to' the required locus, which is therefore a 
circle described on the major axis of the ellipse as dia- 
meter. 

We have supposed the perpendicular drawn from H\ we 
shall arrive at the same result if it be drawn from 8\ hence 
if JBTZ, 8Z\ be these perpendiculars, (JZand GZ' each = a. 

181. To find the length of the perpendicular from the focus 
on the tangefnt at any point. 

The equation to the tangent at the point {x\ y') is 
y = — ri^-^-f* 

^ <iy y 

The co-ordinates of the focus JjTare ae, 0. But if ^ denote 
the length of the pAqpendicular from a point (ajj, yj on the 
line y = mx-\-c, by Art. 47 

^2_ (yi-^^i-g)' 

^- — TT^? • 

In the present case 

^1 = ^y Vi = ^y 



f» = 5-7, c = -7 ; 

« y y 
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• • 






(^b*{a-ex'y 

J- *T" 4 rs 

ay 

_ a'y(a-ea!')* _ aV{a-exy 
~ a« (aW - b'x") + 6V« ~ a' (o» - cV) 

a + ca? r ^ 

Since r =2a — r we have p^=^- —, 

•^ 2a — r 

Similarly if o' be the perpendicular firoiii 8 on the tangent 
at (a?', y) we shall find 

182. From any external point two tangents can he drawn to 
an ellipse. 

Let the equation to the ellipse be 

aY + Va?^a'V (1), 

and let A, J, be the co-ordinates of an external point. Sup- 
pose x\ y\ the co-ordinates of a point on the ellipse, such 
that the tangent at this point passes through (A, A;). The 
equation to the tangent at (a;', y) is 

a^yy'-^Vxx'=:^a%^ (2). 

Since this tangent passes through (A, Tc) ' 

c?hy' + Vkx' = a^V (3). 

Also since (a?', y) is on the ellipse 

ay + JV = a»i» (4). 

Equations (3) and (4) determine the values of x and y\ 
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Substitute from (3) in (4), thus 

or, x'^ {a'J(? + JW) - 2aWhx' + a* {V - k') = 0. 

The roots of this quadratic will be found to be both pos-r 
sible since {h, k) is an external point and therefore a^}^ + b%^ 
greater than a^b\ 

The line which passes through the points where these tan- 
gents meet the ellipse is called the chord of contact. 

183. Tangents are drawn to an ellipse from a given external 
point; to find the equation to the chord of contact. 

Let A, jfe, be the co-ordinates of the external point ; a?,, y^, 
the co-ordinates of the point where one of the tangents from 
(A, i) meets the ellipse; x^^y^, the co-ordinates of the point 
where the other tangent from (A, k) meets the ellipse. 

The equation to the tangent at (aj^, yj is 

a^yy^^Vxx^^d^l^ (1) ; 

since this tangent passes through (A, fz) we haye 

a^ky^-VVhx^^a^V (2). 

Similarly, since the tangent at {x^^ yj passes through 
(A, A) 

a^ky^ + Vhx^:=:^a^h\.... (3). 

Hence it follows that the equation to the chord of contact is 

a^ky + l^hx = a'J' (4). 

For (4) is obviously the equation to some straight line; also 
this line passes through (a;^ y^ for (4) is satisfied by the 
values a; = ajj, y^y^-, as we see from (2) ; similarly from (3) 
we conclude that this line passes through (a?,, y^. Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to an ellipse from a given external point — draw the line 
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158 CHORD OF CONTACT. 

which is represented by (4) ; join the points where it meets 
the ellipse with the given external point, and the lines thus 
obtained are the required tangents. 

184. Through any fixed point chorda are drawn to an 
ellipse, and tangefnJts to the ellipse are drawn at the extremities 
ofea^h chord; the locus of the intersection of the tangents is a 
straight line. 

Let A, it, he the co-ordinates of the point through which 
the chords are drawn ; let tangents to the ellipse be drawn at 
the extremities of one of these chords and let (a?i, y^ be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 183, 

a^yy^ + ^'^ = «*^'- 
But this chord passes through (A, k) ; therefore 

a^hy^ + Vhx,=^a^b\ 
Hence the point (aj^, yj lies on the line 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

185. If from any point in a straight line a pair of tangents 
be drawn to an ellipse the chords of contact will all pass through 
afixedpoint. 

Let Ax + By-vC^:^ (1) 

be the equation to the straight line ; let {x\ y) be a point in 
this line from which tangents are drawn to the ellipse ; then 
the equation to the corresponding chord of contact is 

a^yy'^Vxx'^a^"" (2). 

Since {x\ y*) is on (1) 

Ax' + By'^C^O', 
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therefore (2) may be written 

bxx ^ — ^2/ = ^ * > 



or. 



(j.«_^)a.'_^_a«6« = (3). 



Now, whatever be the value of x, this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

that is, the point for which 

y---^, a?- ^. 

186: The student should observe the different interpreta- 
tions that can be assigned to the equation 

a^hf + Vkc = a^b\ 

The statements in Art. 103 with respect to the circle may 
all be applied to the ellipse. 



EXAMPLES. 

1. What is the excentricity of the ellipse 2a;' + 3y* = c*? 

2. Find the equation to the tangent at the end of the 
latus rectum L. (See Fig. to Art. 162.) Also find the lengths 
of the intercepts of this tangent on the axes. 

3. Write down the equation to the normal at L. 

4. If the normal at L passes through the extremity of the 
minor axis Jff what is the excentricity of the ellipse ? 

5. Find the equations to A'£ and CL. (See Fig. to Art. 
162.) What is the excentricity of the ellipse if these lines are 
parallel ? 
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160 EXAMPLES ON THE ELLIPSE. 

6. Find the equation to BH and determine the abscissa 
of the point where this line cuts the ellipse again. 

7. Find the equation to AL^ and determine the angle 
between this line and the tangent at L. 

8. If from the point P whose abscissa is x\ a line be 
drawn through H, determine the abscissa of the point where 
it meets the ellipse again. 

9. Find a poyit in the ellipse such that the tangent there ' 
is equally inclmed to the axes. 

10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the correspondmg axes of the ellipse. 

11. P is a point on an ellipse, y its ordinate ; shew that 

tan^P4' = --??-. 
aey 

12. P is a point on an ellipse, y its ordinate ; shew that 
the tangent of the angle between the focal distance and the 

tangent at P is — . 

13. If <^ denote the angle mentioned in the preceding 
question 

P(7=V(a*-J*cot*<^). 

14. From P a point in an ellipse lines are drawn to -4, A\ 
the extremities of the major axis, and from A^ A\ lines are 
drawn perpendicular to uiP, A'P\ shew that the locus of their 
intersection will be another ellipse, and find its axes. 

15. If any ordinate MP be produced to meet the tangent 
at L in ^, prove that QM^PH. (See Fig. to Art. 162.) 

16. If a series of ellipses be described having the same 
major axes the tangents at the ends of their latera recta will 
pass through one or other of two fixed points. 
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EXAMPLES ON THE ELLIPSE. 161 

17. If the focus of an ellipse be the common focus of two 
parabolas whose yertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at points whose 
distance from each other is equal to twice the minor axis. 

18. Shew that the length of the longer normal drawn 
from a point in the minor axis of an ellipse at a distance c 
from the centre and intercepted between that point and the 
curve is 

\i 



("-s' 



19. If any parallel straight lines be drawn from the focus 
JjTand the extremity A of the axis major of an ellipse, and 
if if and N be the points where they meet the axis minor, or 
the axis minor produced, then the circle whose centre is M 
and radius NA will either touch the ellipse, or fall entirely 
outside of it* 

20. A and A' are the extremities of the major axis of an 
ellipse, T is the point where the tangent at the point P of 
the curve meets AA' produced ; through T a line is drawn 
perpendicular to AA' and meeting AP and A'P produced in 
Q and It respectively ; shew that QT=:BT. 

21. If ^, <f>\ be the excentric angles of two points, the 
equation to the chord joining the points is 

22. Express the equation to the tangent at any point in 
terms of the excentric angle of that point. 

23. Shew that the equation to the normal at the point 
whose excentric angle is ^ is 

oa: sec ^ — h/ cosec ^ s= a* — b\ 

24. The locus of the middle point of PG (see Art. 176) is 
an ellipse of which the excentrlcity e' is connected with that 
of the given ellipse by the equation 

l-e'=(l + e')*(l-e"^. 
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162 j:xamples on the ellipse. 

25. Determine the point of intersection of the tangent at 
L with the line HB\ what is the value of the excentricity of 
the ellipse when these lines are parallel ? 

26. A tangent at any point P of an ellipse meets the 
directrix EKvaT and E'K in T, shew that TE varies as 
the cotangent of PH8 and TE varies as the cotangent of 
jP/SH; (See Fig, to Art. 162). 

27. If the straight line ^ = wa; + c intersect the ellipse 
ay + &V=a'J', shew that the length of the chord will be 

2a^ V{(1 + m') (mV + ^ - c')} 
mV + y 

Hence find the relation between the constants that this line 
may be a tangent to the ellipse. 

28. rind the equation to the circle described on SF as 
diameter, supposing a;', y\ the co-ordinates of P, 

29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter. 

30. From a point (A, 4) two tangents are drawn to an 
ellipse ; find the sum of the perpendiculars from the foci on 
the chord of contact, 

31. Any ordinate PM of an ellipse is produced to meet 
the circle on the axis major in Q and normals to the ellipse 
'and circle af P and Q respectively meet in R ; find the locus 
ofJJ. 

32. Two ellipses have a common centre and their axes 
coincide in direction ; also the sum of the squares of the axes 
is the same in the two ellipses ; find the equation to a common 
tangent. 

33. If ^, 6\ be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn fi:om the point 
(A, A) shew that 

tan^ + tan^' = — P^, tan^ tan ^' = V^- 
ar — h a — A 
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34. Find the locus of a point such that the two tangents 
from it to an, ellipse are at right angles. 

35. Shew that the two tangents which can be drawn to 
an ellipse through the point (A, k) are represented by 

or by 
(a%^ + b'h' - a'b') [aY + JV ^ a%^) = (a% + VJix - a'by. 

36. Tangents are drawn to an ellipse from the point (A, k) ; 
shew that the lines drawn from the origin to the points of 
contact are represented by 






37. Pairs of radii vectores are drawn at right angles to 
each other from the centre of an ellipse ; shew that the tan- 
gents at their extremities intersect in the ellipse 

38. From an external point T whose co-ordinates are h 
and k a line is drawn to the centre G meeting the ellipse in 
i?, shew that 

Off" a'V • 

39. From an external point (A, k) tangents are drawn ; if 
ajj, oTj, be the abscissae of the points of contact, shew that 

^^ "^ "^^ " a«&*+*W ' ^'"^^ " a%*+ iW • 

40. From an external point (A, k) tangents are drawn 
meeting the ellipse in P and Q ; find the value of HPMQ^ 
jET being a focus. 

41. From an external point T the lines 7!P, TQ, are 
drawn to touch the ellipse in P and Q. GT cuts the ellipsa 
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in jB, and BN ia drawn_paxallel to ST to meet the axis major 
in N; shew that HP. EQ^HN^. 

42. Two ellipses of equal excentriciiy and whose major 
axes are parallel can only haye two points in common. Prove 
this, and shew that if three such ellipses intersect, two and 
two in the points P and jP, Q and Q\ R and R, respectively, 
the lines PP', QQy RR\ meet in a point. 

43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
80 as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle ; prove that the 

Eroduct of the areas of the rhombus and rectangle is equal to 
alf Ac continued product of the four axes. 

44. If the ordinate at any point P of an ellipse be pro- 
duced to meet the circle described on the major axis as 
diameter in Q^ prove that the perpendicular from the focus S 
on the tangent at Q is equal to SP. 

45. Find the equation to the ellipse referred to axes 
passing through the extremities of the minor axis, and meet- 
mg in one extremity of the major axis. 

a* V 

46. If from points of the curve -p + -^ = (a*— &")*, tangents 

be drawn to the ellipse -i + ^'^ 1> Ae chords of contact will 
be normal to the ellipse. 

47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art. 138. Also prove the proposition in Art, 
138 in a manner similar to that used in Art. 180. 

48. Find the equation to the ellipse the origin being the 
point (A, h) on the ellipse and the axes parallel to the ax;ea of 
the ellipse, 

49. From a point P on an ellipse two chords PQ^ PQf, are 
drawn meeting the ellipse in C ^ ; if A, it, be the co-ordi- 
nates of Preferred to the centroi and mx + ny «1 the equ«ition 
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to Q^ referred to P as origin, shew that the lines PQ, PQ, 
are represented by 

with P as origin. 

50. Let P be any point in an ellipse ; draw PP' parallel 
to the major axis and cutting the curve in P'; through P draw 
two chords PQ, PQ^ making equal angles with the major 
axis ; join QQ \ QQ shall be parallel to the tangent at F. 

61. From the equation y = mx + js/(m*a^ + b^ deduce the 
equation to the tangent to the parabola. 

52. In the figure of Art. 175 suppose GP produced to a 
point Q such that OQ^^n. OP^ and find the locus of Q. 

63. If PN be any ordinate of a circle, and from the ex- 
tremity A of the corresponding diameter ABy -4^ be drawn 
meeting PN in Q, so that AQ=^ PN, find the locus of Q and 
the position of its focus. 

64. Express the tangent of the angle between CP and the 
normal at P in terms of the oo-otdinates of P. 

55. Find the greatest value of the tangent of the angle 
between CP and the normal at P. 

56. The major axis of an ellipse is equal to twice the 
minor axis ; a line of length equal to half the major axis is 
placed with one end on the curve and the other on the minor 
axis ; shew that the middle point of the line is on the major 
axis. 

57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an ellipse ; find the locus 
of the centre. 

58. K 8Z*y HZy be perpendiculars on the tangent at the 
point P of an ellipse, 8Z and HZ' will intersect on the normal 
at P. 
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CHAPTER X, 

THE ELLIPSE CONTINUED. 

Diameters, 

187. To find the length of a line drawn from any point in 
a given direction to meet an ellipse. 

Let x\ y\ be the co-ordinates of the point from which the 
line is drawn ; a?, ^, the co-ordinates of the point to which 
the line is drawn; 6 the inclination of the line to the axis of 
X ; r the length of the line ; then (Art. 27) 

a; = a;'+rcos^, y = y + rsin^ (1), 

If (a?, y) be on the ellipse these yalues may be substituted 
in the equation 

aY-\-Va? = a''V\ thus 

a'(y' + rsin^)* + i'(a;' + rcos^)»==a'J%- 

.-. r» {a^ sin'^ + V cos*^) + 2r (ay sin + Vx' cos 0) 

+ ay^ + JV^-a»J* = ., (2). 

From this quadratic two values of r can be found which are 
the lengths of the two lines that can be drawn from {x\ y') 
in the given direction to the ellipse, 

188. To find the diameter of a given system of parallel 
chords in an ellipse. (See definition in Art. 148.) 

Let be the inclination of the chords to the major axis of 
the ellipse ; let x\ y\ be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
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lengths of the lines drawn from {x\ y') to the curve is 
(Art. 187) 

/ {a* sin» + V coa' 6) + 2r {ay sin 6 + iV cos 0) 

+ ay" + J*a:''-aW = (1). 

Since {x\ y) is the middle point of the chord, the values of r 
furnished by this quadratic must be eqtml in magnitude and 
opposite in sign; hence the coefficient of r must vanish ; thus 

aysin^ + JVcos^ = 0, or y = -~cot^.ic' (2). 

a 

Considering x* and y* as variable, this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords; for 
by giving to ^ a suitable value the equation (2) may be made 
to represent any line passing through the centre. 

lid' be the inclination to the axis of x of the diameter 
which bisects all the chords inclined, at an angle 6 we have 
from (2) 

tan ff = — 3 cot ^ : 
a 

A tan^tan^' = -^ (3). 

189. If one diameter Insect all chords parallel to a second 
diameter, the second diameter will bisect all chords parallel to 
the first. 

Let Q^ and Q^ be the respective inclinations of the two 
diameters to the major axis of the ellipse. Since the first 
bisects all the chords parallel to the second, we have 



tan^j tani^i = - 
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168 CONJUGATE DIAMETERS OP THE ELLIPSE. 

And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

190. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. 

Let A, k, be the co-ordinates of either extremity of a 
diameter; the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x = h, y==ki must satisfy the equation 

a'y sin ^ + b^x cos ^ = ; 

.*, tan c/ = — 57- • 
ak 

But, by Art. 170, the equation to the tangent at (A, k) is 

Hence the tangent is parallel to the bisected chords. 

191. Def. Two diameters are called conjugate when each 
bisects the chords parallel to the other. 

From Art. 190 it follows that each of the conjugate diameters 
# parallel to the tangent at either extremity of the other. 

. 192. Given the co-ordinates of one extremity of a diameter 
to find those of either extremity of the conjugal diameter. 

Let ACA\ BOB, be the axes of an ellipse ; PGF, DGD\ 
a pair of conjugate diameters. 

Let x\ y\ be the given co-ordinates of P; then the equation 
to CP is 

y=|^ (1). 

Since the conjugate diameter DU is parallel to the tangent at 
P the equation to DD is 

2^ = -^* (')• 
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We must combine (2) with the equation to the ellipse to 
find the co-ordinates of B and If. Substitute from (2) in 



then 






X 



^ + ?3^. 



.-. from(2)y = T-J* 

In the figure the abscissa of D is negative and that of D' 
positive ; hence the upper sign applies to D' and the lower 
toi>. 

The properties of the ellipse connected with conjugate 
diameters are numerous and important; we shall now give 
a few of them. 
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193. The sum of the squares of two conjugate semt-diametet's 
IS constant. 

Let x\ y, be the co-ordinates of P; then by the preceding 
article 






_aY+h"x'' . aY + h'x'' 



V "^ ^ 



= /,« 



Thus the sum of the squares of two conjugate semi-diame- 
ters is equal to the sum of the squares of tne semi-axes. 

194. The area of the parallelogram which touches the ellipse 
at the ends of conjugate diameters is constant. 

Let PCP', DGiy, be the conjugate diameters (see Fig, to 
Art. 192). The area of the parallelogram described so as to 
touch the ellipse at P, D, P', D\ is 4 OP. CD sin PCJ), or 
4p,CD, where » denotes the perpendicular from C on the 
tangent at P. Let x', y\ be the co-ordinates of P; then the 
equation to the tangent at Pis 

^ ay y 

Hence, (Art. 47), 

.\ ^p.CD^lab. 

Thus the area of any parallelogram which touches the 
ellipse at the ends of conjugate diameters is equal to the area 
of the rectangle which touches tHe ellipse at the ends of the 
axes. 
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195. Let a', 5', denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article 

a'J'sina = aJ; 



a^h'' " (a'^H- O'- («''- V^Y (a^+ ly - (a'*- J^)"^ 
Hence sin' a has its hast value when a* = i', and then 



196. From Art. 194 we have 

^ "■ Gjy~ a^-vV'-GF^' (Art. 193}. 

This gives a relation between p the perpendicular from the 
centre on the tangent at any point P and the distance CP of 
that point from the centre. 

We may also express p in terms of the angle its direction 
makes with the axis major ; for let ^ denote the angle, then 
the equation to the tangent at (a?', y") may be written 

and also in the form (Art. 20), 

a? cos ^ +y sin^ =j?. 

p V p a' 

Hence -r^ = —, , ^ . = —. ; 

sm9 yf cos^ a?' 

, gi' sin A 
j^^^Jcos^ 

812 

and .'. aT =— y (5'sin*^ + a* cos'^) ; 

/. ^* = J* sin* <l> + a^ cos* ^ 
= a*(l-e»sin». 
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197. Let ^ and <f/ be the esccentric angles corresponding 
to P and 1) respectively (Art. 168). Then 

a/ = ocos^ (1), y'^&sin^ (2), 

-^=acosf (3), ^=&sin<^' (4). 

From (2) and (3) cos ^'= — sin ^^ 
from (1) and (4) sin ^' = cos ^ ; 

198. To jvnd the equation to the ellipse referred to a pair 
of conjugate diameters a« axes. 

Let CPy CZ>, be two conjugate semi-diameters (see fig. to 
Art. 192), take CP as the new axis of x, CD as that of y ; 
let PC A = a, DCA =)8. Let a?, y, be the co-ordinates of any 
point of the ellipse referred to the original axes ; af, y', the 
co-ordinates of the same point referred to the new axes ; then 
(Art. 84) 

x^ofco9a-\-y^coa/3, 

y = ic' sin a + y' sin /8. 

Substitute these values in the equation 
aV + JV-aV; 
then a* (ic" sin a +y' sin /8)' + b* (a/ cos a +y cos fiY - a^b\ 
or a/*(a«sin'a + J'cos'a)+y(a'*sin'/8+J*cos'i8) 

+ 2icy (a* sin c^sin^S + 5' cos a cos^S) = a^b\ 
But, since CP and CD are conjugate semi-diameters, 

tan«tan^ = -|; 

hence the coefficient of afy^ vanishes, and the equation be- 
comes 

aj^(a"sin^a + ycos»a)+y'(o*am'/3 + 5«cos»i8)=ra»y. 
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In this equation, suppose a?' « 0, then 

This is the value of Olf, which we shall denote by ft**; 
similarly we shall denote CF* by a**, so that 

a'^sm ot + o cos'a 

Hence the equation to the ellipse referred to conjugate 
diameters is 

or, suppressing the accents on the variaWes, 

199. A particular case of the preceding is when a'^h'; 
then 

a' sin'^ffH- J* cos' fi = a^ sin^ a + i' cos' a ; 
/. a'(sin')8-sin'a) = &'(cos'a — cos'iS) 
= J'(sin»/9-.sin'a); 
.-. (a'-^J')(sin'i8-sin'a) = 0; 
.% sin'i8=asin*a; 
.*. /8 = ^ — a. 

And since a" = J" each of them = ^4" j (^^- l^^)- 

Hence from the value of a" in the preceding article, we 
have 

^+y_ a'b* . . 

2 '"a*8in''a + 6*co8*a' 

.-. («• + V) {{a'- J") sin' « + £'}= 2oW ; 
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This shews that the equal conjugate diameters are parallel 
to the lines BA and BA\ 

200. The equation to the tangent to the ellipse will be of 
the same form whether the axes be rectangular or the oblique 
system fortned by a pair of conjugate diameters ; for the inves- 
tigation of Art. 170 will apply without any change to the 
equation a y + 5'^xc' = a'^i'* which represents an ellipse re- 
ferred to such an oblique system. 

201, Tangents at the extremities of any chord of an ellipse 
meet in the diameter which bisects that chord. 

Refer the ellipse to the diameter bisecting the chord as the 
axis of X, and the diameter parallel to the chord as the axis 
of y ; let the equation to the ellipse be 

Let a/, y", be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 

a"yy' + h"xx' = a"b'\..: '..(1). 

The co-ordinates of the other extremity of the chord are 
X, —y, and the equation to the tangent there is 

-a'^yy^-^b^xx'^^a^h'' ., (2). 

The lines represented by (1) and (2) meet at the point for 
which 

2^ = 0, a = -,; 
this proves the proposition. 



Supplemental chords. 

202. Def. Twq straight lines drawn from a point of the 
ellipse to the extremities of any diameter are called «jpjpfe- 
Tnental chords. They are called j^inctpal supplemental chords 
if that diameter be the major axis. 
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203. If a chord and diameter of an ellipse are parallel^ the 
supplemental chord is parallel to the conjugate diameter. 




Let PP be a diameter of the ellipse; QP, QP\ two sup- 
plemental chords. Let x\ y\ he the co-ordinates of P, and 
therefore —a;', — y', the co-ordinates of P. 

Let the equation to PQ be (Art. 32) 

y-y' = m(a;-ic'); (1) 

and the equation to P'Q 

y^y^mix^Ti) (2). 

The co-ordinates of the point Q satisfy (1) and (2) ; if then 
we suppose a?, y, to denote those co-ordinates, we have from 
(1) and (2) by multiplication 

f'^y'^=mm'{a?--x'^) (3). 

But since (a?, y) and (x\ y') are points on the ellipse 
dy + ¥x'^a'b\ 
aY + b'x'^^a'b'i 
/:a'{y'-yl+h'{x'-x")=0; 

u 

Digitized by VjOOQ IC 



176 POLAR EQUATION TO THE ELLIPSE. 

From (3) and (4) we have 

wm' = — 3 (5). 

But we have shewn in Art. 188 that if (5) be satisfied, the 
two lines represented by y = ma? and y = vdx are conjugate 
diameters ; this proves the theorem. 

Polar Equation. 

204. To find the polar equation to the ellipse, the focus 
being the pole. 

Let iSP=r, A8P^e\ (see Fig. to Art. 158,) 

then >SP— ePNy by definition ; 

that is, 8P^e{08 + 8M); 

or, r =; a (1 - e^) + er cOs {'rr-0), (Art. 161) ; 

.*. r (1 + e cos^) = a (1 - e*), 

and rag ■ ■■ ; ^ J^ . 

l+6C0Stf 

If we denote the angle ASF by By then we have as before 
8P=^e{08+8M)', 
thua r«a (1—e') +er COS ^, 

and r^-^^^. 

1 — e COS ^ 

205. We shall make use of the preceding article in finding 
the polar ecjuation to a chord, from which we shall deduce the 
polar equation to the tangent 

Let P and P be two points on the ellipse ; suppose 
so that P8P s= 2/3 ; and let I be the semi-latus rectum of the 
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ellipse, so that Z = a (1 — e') ; it is required to find the polar 
equation to the line PP\ 




Assume for the equation (see Art. 29) 

^rcos^ + J5rsin^H-(7=0..... (1). 

Since the line padses through P, (1) must be satisfied by 
the co-ordinates of P; now A'8P= OL — JS and 8P consequently 

= s— 7 5v ; thus fh>m (1) 

l + ecos(a— p)' / ^ 

Zf^'cos (a-iS) +-Bsin (a-/3)} 

+ (7fl +ecos (a -/3)} =0 (2). 

Similarly, since the line passes through P', . 
I [A cos (aH-/3) +P sin (a + /3)}, 

+ C{1 +CCOS (a + iS)} =0 (3). 

From (2) and (3), by subtraction, 

Z (-4 sin a sin /8 — P cos a sin ^8) + Ce sin a sin ^ =s= ; 

/. 7(-4sina — Pcosa) + Cfesina = (4). 

From (2) and (3), by addition, 

Z(^cosacos/9 + Psinacos/9) + (7(1 + 6cosacos)8)a:0j 

••. Z(^cosa + Psina) + (7(sec/8 + ecosa)«0 (5). 
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From (4) and (5) we find 

IA+ (7(8ec^cosa4-e)=0, 
Z5+ (7sec)8sina =0. 

Substitute the values of A and B in (1) and divide hj (7, 
and we have 

, r{(seci8cosa + 6) costf + sec^Ssina sin ^} — Z=0;. 

I 
ecoQ0 + &ec 13 CO& (a — ^) * 

K SQ bisect the angle PSP" we have 

PSQ^ISy and A'SQ^ql. 

.Now suppose 13 to diminish indefinitely; then the chord 
PjP' becomes the tangent at Q, and we obtain its polar equation 
by putting /S *= in the preceding result ; thua we have 

I 
r= 



6 cos tf -I- cos (a — ^ * 



The investigations of this article will apply to the para- 
bola by supposing e — 1. 

206. The polar equation to the ellipse referred to the 
centre is sometimes useful; it may be deduced firom the 
equation ay4-JV = a'i', by putting rcos^, rsin^, for x 
aud y respectively ; we thus obtain 

r^(a'sm'tf+i'coB'^)«aV. 

We add a few misoellaneous propositions on the ellipse. 

207. If tangents be drawn at the extremities of any focal 
chord of an ellipse, (1) the tangents will intersect in the corre^ 
spending directrix^ (2) the line drawn from the poiM qf ifder^ 
section of the tangents to the focus will be perpmdicular to the 
fo^lchJord. 
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(1) If two tangents to an ellipee meet in the point (i, k) 
the equation to the chord of contact is, by Art. 183, 

Suppose the chord passes through the ibcus whose co-ordi- 
nates area; = — oe, y = ; then 

• • /• — • 

e 

that is, the point of intersection of the tangents is on the 
directrix corresponding to this focus. 

(2) The equation to the line through (A, h) and the focus is 

If A = — , this becomes 
e 

and the line is therefore perpendicolar to the focal chord of 
which the equation is 

Vhx . V 

208. y through any point unthin or withovit an etUpse, two 
lines he aravm parallel to two given straight lines to meet the 
curve, the rectangles of the segments will he to one another in 
an invariable ratio. 

Let {x\ y) be the giyen point and suppose a and y9 respec^ 
tivelj tne mclinaticms of the giyen straignt lines to the major 
axis of the ellipse. By Art. 187 if a line be drawn from . 
{x'j y) to meet the curve and be inclined at an angle a to the 
major axis, the lengths of its segments are given by the 
equation 
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r* (a* sin* a + i' cos' a) + 2r (ay sin a + iV COS a) 

/ ^ ^ . aV+y a?^-a'y 

therefore the rectangle of the segments = ^«gin»^^ 6*cos*a' 

Similarly the rectanele of the segments of the line drawn 
from {x,y) ataiiangle^= ^.^j^.^^j,^g«^. 

a'sin'i8 + 6*co8*i8 , 
. Hence the ratio of ihe rectangles = - . ^^^ ^ _^, y ^^^a ^^ 5 «^^ 

this ratio is constant whatever a?' and y' may be. 




Let be the point through which the lines 0^, O^y, 
are drawn inclined to the major axis of the ellipse at angles 
a, fi, respectively ; then 

OP. Op g'^sin' )8 + &' cos'jS 
OQ. Oj~a"sin*a + 6*.cos*a' 

Draw the * semi-diameters CD, CEj parallel to ij?, Qq^ 
xespectively, then, by Art. 206, 

CJy^ g'sin'je + ycos'jS ^ 
CE" ^sin*a-f-&*cos*a' 
OP.Op GIf 
•*• OQ.Oq^CJE'' 
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Let TM^ TN', be tangents parallel to J\>, Qq^ respectiTely ; 
then if coincides with T, the rectangle OF. Op becomes 
Tip, mdOQ.Oq becomes THiT; 



TM* 

•' TN'~ 


CJE*' 


TM 

" TN- 


CD 
'CI!- 


EXAMPLES. 



1. CF and CD are coniuffate semi-diameters ; given the 
co-ordinates of F {x\ y') fina nie equation to the line FD. 

2. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate OD in the 
points if, N, prove that CM. CN-=^ GL^. 

3. OFy CBy are two conjugate semi-diameters ; CF^ CB\ 
are two other conjugate diameters; shew that the area of the 
triangle FGF is equal to the area of the triangle DGU. 

4. Normals at Pand 2?, the extremities of semi-conjugate 
diameters, meet in K] find the equation to KGy and shew that 
KG is perpendicular to PD, 

5. In an ellipse the rectangle contained by the perpen- 
dicular from the centre upon the tangent, and the part of the 
corresponding normal intercepted between the axes is equal 
to the difference of the squares of the semi-axes. 

6. Shew that the locus of the intersection of the perpen- 
dicular from the centre on a tangent to the ellipse is the 
curve which has for its equation f^^c? cos" O-vV sin' tf, the 
centre being origin. 

7. From A the vertex of an ellipse draw a line ARQ to 
Q the middle point of ^TP meeting 8FmR\ shew that the 
locus of R is an ellipse, and also the locus of Q. 
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8. Find the polar equation to the ellipse, the vertex being 
the origin and tne major axis the initial line. 

9. If any chord AQ meet the minor axis produced in jB, 
and GP be a semi-diameter parallel to -4 C then AQ.AB 

10. A circle is described upon AA' the major axis of an 
ellipse as diameter ; P is any point in the circle ; -4P, A'Py 
are joined cutting the ellipse in points Q and Q' respectively; 
shew that 

AP A'P a' + h' 

aq'^aT^^ V • 

11. If circles be described on two semi-conjugate diame- 
ters of an ellipse as diameters, the locus of their intersection 
is the curve defined by the equation 

12. CPy GD^ are conjugate semi-diameters; GQ is per- 
pendicular to Pi>, find the locus Of Q. 

13. Find the points where the ellipse a (1 — fi^ =r + re cos 5 
cuts the line a (1 — c*) =rsin^ + r (1 +6) cos^. 

14. Write down the polar equations to the four tangents 
at the ends of the latera recta ; also the equations to the tan- 
gents at the ends of the minor axis ; the focus being the pole. 

15. Determine the locus of the intersection of tangents 
drawn at two points P, Q, which are taken so that the sum 
of the angles A8Pj A8Qy is cons^tant. 

^ 16. If PSp be a focal chord of an ellipse, and along the 
line iSP there DC set off 8Q a mean proportional between 8P 
and 8p^ the locus of Q will be an ellipse having the same 
excenmcity as the original ellipse, 

17. Two ellipses have a common focus and their major 
axes are equal in length and situated in the same straight 
line; find the polar co-ordinates of the points of inter- 
section. 
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18. From an external point two tangents are drawn to an 
ellipse ; between what limits does the ratio of the length of 
(me tangent to the other lie ? 

19. TP, TQ, are two tangents to an ellipse, and CF, GQ, 
are the radii fix>m the centre redpectivelj parallel to these tan- 
gents, prove that F'Q is parallel to PQ. 

20. An ellipse and a circle cut in four points ; shew that 
the common chords make equal angles with the major axis of 
the ellipse. 

21. When the angle between the radius vector firom the 
focus and the tangent is least, the radius vector = a» 

22. When the angle between the radius vector from the 
centre and the tangent is least, the radius vector «= ( — - — j . 

23. PTy pt, BXe tangents at the extremities of any diameter' 
i^ of an ellipse ; any other diameter meets PT in T, and its 
conjugate meets pt in t; also any tangent meets P2^in T and 
ptia^; shew that PT : PT :: pt' : pU 

24. From the ends P, D, of conjugate diameters in an 
ellipse, draw lines narallel to anv tangent line ; and from the 
centre C draw any line cutting these hues and the tangent in 
points J?, rf, «, respectively; then will 

Cp^^Cd^^Ce. 

25. If tangents be drawn from different points of an ellipse 
of lengths equal to n times the 8emiKX)njugate diameter at 
each point, then the locus of their extremities will be a con- 
centric ellipse with semi^axes equal to 

aV(n*+l) andJV(n»+l). 

26. Apply the equation to the tangent in Art. 171 to find 
the locus of the intersection of tangents at the extremities of 
conjugate diameters. 

27. If from a point {x\ y) of an ellipse a chord be drawn 
parallel to a fixed line, shew that the length of this chord 
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varies as ^ ^ , " , where 6 is the inclination 'of the 

cos ^ ^ 

tangent at {x\ y') to the axis, and a the inclination of the fixed 

line to the axis. 

28. If through any point P of an ellipse two chords PQ, 
PRy be drawn parallel to two fixed lines and making angles 
a and )8 respectively with the tangent at P, shew that the ratio 
PQ cosec a : PR cosec )3 is constant. 

29. A parabola is touched at the extremities of the latus 
rectum by an ellipse of given magnitude; find the latus 
rectum of the parabola* 

30. The perpendicular firom the centre on a line joining the 
ends of perpendicular diameters of an ellipse is of constant 
length. 

31. Chords are drawn through the end of an axis of an 
ellipse ; find the locus of their middle points, 

32. Chords of an ellipse are drawn through any fixed 
point ; find the locus of their middle points. 

33. Two focal chords are drawn in an ellipse at right 
angles to each other ; find their position when the rectangle 
contained by them has respectively its greatest and least 
value. 

34. In an ellipse if PP' and QQ h^ focal chords at right 
angles to each other 

1-e' 1-e' _ 1 1 

8P.8P'^8Q.8Q'^AC'^BC*' 

35. PSvy Q8g, are focal chords ; suppose T the point 
where the lines PQ^pq meet; shew that T8 is equally in- 
clined to the focal chords, and that T is on the directrix 
corresponding to 8. 

36. If r, 0, be the polar co-ordinates of a point P, shew 
that 

* rrorT' * j 1+eCOS^ 

tan HPZ^ -rjz 1 — 7i^ and = s— 7,- . 
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37. Perpendiculars are drawn from P and D the ex- 
tremities of any pair of conjugate diameters on the diameter 
y^x tan a ; shew that the sum of the squares of the perpen- 
diculars is a" sin' a + i' cos" a. 

38. The excentric angles of two points P and Q are ^ and 
6' respectively; shew mat the area of the parallelogram 
formed by the tangents at the extremities of nie diameters 

through P and Q is -: — .,, ^ .. ; shew also that the area is 

least when P and Q are the extremities of conjugate dia- 
meters. 

39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 

40. Chords of an ellipse are drawn at right angles to one 
another through the point whose co-ordinates are A, X; ; if 
CP, CQ, be the radu drawn from the centre parallel to 
the chords, and E, F, the middle points of the chords, 
shew that 

41. Given the co-ordinates ofP, find those of the intersec- 
tion of the tangents at Pand 2). (See Fig. to Art. 192.) 

42. Shew that the equation 

represents the tangents at P and -D, supposing a?', y' , the co- 
ordinates of P. (See Fig. to Art. 192.) 

43. If CP, CD, be any conjugate diameters of an ellipse 
APBDA and PP, P2), be joined and also AD, A'P, these latter 
intersecting in 0, shew that BD OP ia a parallelogram. 
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44. Shew that the area of the paraUelogiam in the preced- 
ing question =« avf •\-ha! — a J, where x\ y\ are the co-oramates 
of P; and find we greatest value of this area. 

45. If a line be drawn from the focus of an ellipse to make 
a given angle a with the tangent^ shew that the locus of its 
intersection with the tangent will be a circle which touches or 
falls entirely without the ellipse according as cos a is less or 
greater than the excentricitj of the ellipse. 

46. In an ellipse 8Q, HQ^ drawn perpendicular to a pair 
of conjugate diameters intersect in Q ; prove that the locus of 
^ is a concentric ellipse. 

47. Two ellipses have their foci coincident ; a tangent to 
one of them intersects at right angles a tangent to the other ; 
shew that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 

48. What is represented by the equation a?+y*=^c^ when 
the axes are oblique ? 

49. Shew that when the ellipse is referred to any pair of 

conjugate diameters as axeS; the condition that y^mx and 

J'* 
y sz m'x may represent conjugate diameters is ww'= — jj . 

50. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 

51. From any point P perpendiculars PM, PN, are drawn 
on the equal conjugate diameters ; shew that the normal at P 
bisects MN. 
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CHAPTER XL 



THE HYPERBOLA. 



209. To Jvnd the eqtuxtton to the hyperbola. 

The hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than unity. 
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Let JTbe the fixed point, YY' the fixed straight line. Draw 
HO perpendicular to FF'; take as the origin, OHsiS the 
direction of the axis of a;, OY as that of the axis of y. 

Let P be a point on the locus ; join HP, draw PM parallel 
to or and PiV parallel to OX. Let OH==p, and let e be the 
ratio of HP to PJV. Let a?, y, be the co-ordinates of P. 
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By definition 

HP^ePN) 

that is, ^+{x — jp)" = eV. 

This is the equation to the hyperbola with the assumed 
origin and axes. 

210. To find where the hyperbola meets the axis of x we 
put y = in the equation to the hyperbola ; thus 

(a?— jp)'=eV; 

.-. x—p^±ex; 

ITe 
Since e is greater than unity, 1 — e is a negative quantity. 

Let OA' = -^ , OA = --2— , the former being measured 
e — 1 1 +e ^ 

to the left of 0, then A' and A are points on the hyperbola. 

A and A' are called the vertices of the hyperbola, and C 

the point midway between A and A' is called the centre of 

the hyperbola. 

211* We shall obtain a simpler form of the equation to 
the hyperbola by transferring the origin to A or G. 

I. Suppose the origin at A. 

Since OA = --^ , we put x^x'+ t^— and substitute 
1+e' ^ l+e 

this value in the equation 
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/. y" = 2pca?'+(e"-l)a?'* 

The distance A' A = —2-- + —2-. -- ^ • -^^re will denote 
e — 1 l + e e— 1 

this by 2o ; hence the equation becomes 

We may suppress the accent, if we remember that the 
origin is at the vertex A, and thus write the equation 

y* = (€» - 1) {2ax + a?) :....(!). 

11. Suppose the origin at C. 

Since CA = a, we put x^x' — a and substitute this value 
in (1) ; thus 

y*=(e*-l){2a(aj'-a).+ (x'-a)«} 

= (e»-l)(aj'«-a«). 

We may suppress the accent, if we remember that the 
origin is now at the centre G^ and thus write the equation 

/==(e'-l)(a^-a») (2). 

In (2) suppose aj = 0, then y* = — («' — 1) a' : this gives an 
impossible value to v, and thus the curve does not cut the 
axis of y. We shall however dpnote («* — 1) a' by i*, and 
measure off the ordinates GB and GB' each equal to i, as we 
shall find these ordinates useful hereafter. 

Thus (1) may be written 
and (2) may be written 

-^i^-^- 
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or, more symmetrically, 

^— C=l, or, cf^ — Va^-'-c^V (5). 



X 



212. Since 4S^eOA and OA = t^- » we have 

1 + e 

CB" = C[4 + ^fl' = a + (e - 1 ) a = 8a, 

e e 

and Ofi-=i, = ^^^^. 

213. We may now ascertain the form of the hyperbola. 
Take the equation referred to the centre as origin, 



J^^^{^-<^). 



(i>. 



For every value of x less than a, y is impossible. When 
a;»a, y=*0. For every value of x greater than a there 
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are two valaes oiy equal in xoagmtude Imt of oppofilte sign. 
Henoe if P be a poiut in the curre on one side of the axis 
of a?, there is a point F' on the other side of the axis, such 
that PM^PM. Hence the curve is symmetrical with re- 
spect to the axis of Xy and it extends indefinitely to the right 
oiA. 

If we ascribe to x any negative value we obtain for y 
the same pair of values as when we ascribed to x the cor- 
responding positive [value. Hence the portion of the c^rve 
to the left of the axis of y is similar to the portion to the 
right of it. 

As the equation (1) may be put in the form 

^ = J (»• + *•) (2). 

we sec that the axis of y also divides the curve symmetrically, 
and that the curve extends above and below CA. Thus the 
curve consists of two similar branches each extending inde- 
finitely. 

The line JEff'is the directrix, JTis the corresponding focus. 
Since the curve is symmetrical with respect to tne line BCB\ 
it follows that if we take GS^ CH and GE'^GE, and 
draw E'K' perpendicular to GE\ the point S and the line 
EK* will form respectively a second focus and directrix, by 
means of which the curve might have been generated, 

214» The point G is called the emtre of the hyperbola, 
because every chord of the hyperbola which passes through 
G is bisected in (7. This is proved in the same manner as 
the corresponding proposition in the ellipse, (See Art. 163.) 

215. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is ^eater than the corresponding ordinate of the 
straight line joimng that vertex and the fixed point. 
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Let A be the vertex and take it for the origm; let P be 
the fixed point; a;', y, its co-ordinates. Then the equation 
to the hyperbola is (Art. 211) 

y» = ^(2aa; + af). 

The equation to AP is 

y 

since {x\ y*) is on the hyperbola. 

Let X denote any abscissa less than x\ then since the 
ordinate of the curve is - i^{2ax + a?) or - a /(-^ + 1 ) ^» and 

that of the straight line is - * /f -^ + 1) a?, it is obvious that 
the ordinate of the curve is greater than that of the line. 

216. AA' and BB* are called axes of the hyperbola. The 
axis AA which if produced passes through the foci, is called 
the transverse axis, and BB* the conjuffote axis. We do not 
as in the case of the ellipse, use the terms Tnajar and minor 
axis, because since & == a v(«'— 1) (Art. 211), and e is greater 
than unity, b may be greatw or less than a. 

The ratio which the distance of any point on the hyperbola 
from the focus bears to the distance of the same point from 
the corresponding directrix is called the excentricity of the 
hyperbola. "We have denoted it by the symbol e. 

To find the lotus rectum (see Art. 128) we put x = CE^ 
that is, = 06, in equation (1) of Art. 213 ; thus 

&V(e'^l) ^y, 
^ a» a'' 

.*. XJJ= — , and the latus rectum = — . 
a o 
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Since 6« = a*(e*-l)? .% y + a'«aV; that is, 

217. The equation to the hyperbola may be derived from 
the equation to the ellipse by writing — V for J\ We shaJl 
find that the hyperbola has many properties similar to those 
which have been proved for the ellipse ; and as the demon- 
strations are similar to those which have been given, we shall 
in some cases not repeat them for the hyperbola, but refer to 
the corresponding articles in the chapters on the ellipse. 

218. To express the focal distances of any point of the 
hyperbola in terms of the abscissa of the points 
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Let & be one focus, E*K' the corresponding directrix; H 
the other focus, EKliit corresponding directrix. Let Pbe a 
point on the hyperbola ; a?, y, its co-ordinates, the centre 
being the origin. Join fiP, nJP, and draw PNN* parallel to 
the transverse axis and PJf perpendicular to it. Then 

ePN^e{CM'-CE)^eU-^'' 



T. C. S. 



:^ — a. 



Digitized 



by(S30gIe 



194 .TAJvaEirr to an uxFEsoBOhk. 

Hence SF^-JSP^^a; that is, the diferertee of the focal 
distances 'of any point on the hyperbola is equal to the trans* 
Terse axis« 

219. The equation / = ^ («* - a*) may be written 

Hence (see Fig. to Art. 213), 

PUP BC 



Tangent and Normal to an Hyperbola. 

220. To find the equation to the tangent at any point of 
an hyperbola. 

By a process similar to that in Art. 170, it wfll be found 
that the equation to the tangent at the point (a;', y*) is 

or, cfyy' — Vocx = — cfV. 

These equations may be derived from the corresponding 
equations with respect to the ellipse by writing — V for 6*. 

221. The ec[uation to the tangent to the hyperbola may 
also be written m the form (see Art. 171) 

Conversely every line whose, equation is of this form, is a 
to tne ' 



tangent to tne hyperbola. 

a as in the 
neets it in o 
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222. It may be shewn as in the case of the circle that a 
tangent to an hyperbola meets it in only one point. Also if a 
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line, meet an hyperbola in only one point, it is in general 
the tangent to the hyperbola at that point. For suppose 

to be the equation to an hyperboUi and 
jf^^mx + c 

the equation to a straight line. Then to determine the 
abscissas of the points of intersection^ we have the equation 

or, (aV- J") aj" + 2a"wcaj + a* (c^ + 6*) « 0. 

This equation has always two roots, except 

(l)when aVc*«:(aV-5»)a*(c' + J»), 
or, . c'=mV — &*, 

and consequently the line is a tangent. 

(2) when aW — J* = ; the equation then reduces to one of 
the first degree, and therefore has but one root. Thus a line 
which meets the hyperbola in one point only is the tangent at 
that point unless the inclination of the line to the transverse 

axis be ±tan"^-. 
a 

223. The tangents at the vertices A and A' are parallel 
to the axis of y. (See Art. 172.) 

224. To find the equation to the normal aJt any point of 
an hyperbola. (See Art. 173.) 

It will be found that the equation to the normal at 



rA^J 



'-y'^-%{x-x'). 
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19d PBOPEBTIES OF THE HYPERBOLA, 

This may also be written in the fonn 

if-^-W^' (See Art m.) 

225. We shall now deduce some properties of the hyper- 
bola from the preceding articles, , 
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Xiet a', y\ "be the co-ordinates of P; let PT !» the tangent 
at P, PQ- the normal at P; PM, PN, perpendiculars on the 
axes. 

The «qaation to the tangent at P is 

€fyy'-Vxai=^-<fh\ 



liCt y = 0, then a; = -; , hence 



a" 



CTx 



CA* 



'CM' 
.♦. CM.CT^CA*. 
Bmivly CN.CT^Cff. 
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226. 


As in Art. 176, we may shew that 




CG^^GM, 




,CQ'=~PM. 


227. 


As in Art. 177, we maj shew that 




PG'J^rPG'''^^, 



m 



where . SP^r\SP^r. 

228« jHle tatufent at any poiid. Insects the angle between the 
focal distances ofthatjmnt. 

For iq thQ manner given in Art. 178, we may shew that 

SPa' = HPa; 

and therefore since JPT is perpendicular to GQ\ 

TPS^TPi^ 

Or we may prove the result thusj 

CG^e'x\ {Aj^%^), 

HG^^x'^ae. ' 

Also iSP= ex' + a, -HP= ea?' - a j hence 

8G _8P 
'EG^H?'' 

therefore by Euclid, vi. 3j PG^ bisects the angle between -HP 
and 8P produced, that is, 

SPG'^HPG. 

229. To find ike hcus of the intersection of the tangent ai 
any point vnth the perpendicular on it from thefbcus. 

It may be proved as in Art« 180, that the reciuired locua is 
the circle described on the transverse axis as diameter* 
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198 TWO «rAN(}EN*rB i^KOir as external k>int. 

230. Let p denote the peipendicnlar from £[ on the 
tangent at P, and p' the perpendicular from S; then, as in 
Art. 181, it may be shewn that 

/-^, p^-^—l .%J5p'»J*. 

Since /=»2a+r, we have 

231. From any external jpotnt two tangents can be drawn to 
an htfperhola. 

Let hy Tcj be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscissas of the points of contact of the tan:gents 
and hyperbola 

The roots of this qtil^Bc will be possible if 
* a'Vh^-Va^[V^myif-Vh') is positive; 
that is, if ^B 

V^Vh^ + dfV 
is positive. , . - ■ —^ 

But if (A, %) be an extenmal point the last expression is 
positive, and therefore two tangenlts can be drawn to the 
nyperbola from an external point. 

The product of the two values olLal given by the above 
quadratiOsis 

a'lf^Vh^' 

fhis product is therefor^ positive or negative according as 
o'A" — fc'A' is negative or positive; that is, the two tangents 
meet the same branch or different branches according as 
a*i* — i'A'.is negative or positive. 

282. Tangents are drawn to an hyperbola Jrom a given 
extemcd point/ tojind the eqiuxtion to the chord ^eontacL 
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INTEBPSETJLTIONB OF AN EQUATION. Idft 

Let hy ky}3e the coH>Tdiiiates of the external point ; then 
the equation to the chord of contact is 

(jfhy-'Vhc^-dn?. (See. Art 183.) 

238. Thro/ugh imy fixed point chard$ are drawn to an 
hyperbola^ and tangents to me hyperbola are dravm at the 
extremities of each chord; the locus of the intersection of the 
tangents is a straight line. 

Let A, hy be the co-ordinatea of the poiHf throngfa whiek 
the chords are drawn, then the equation to the locus of the 
intersection of the tangents is 

fl?4y-ft*Aa:=:-aV. (See Art. 184.) 

234. If from any point in a straight line a pair of tangents 
he drawn to an hyperbola^ the chords of contact tdU aU pass 
through a fixed point. (See Art 185.) 

235. The student should obsej^|^e different interpreta- 
tions that can be assigned to the • 



lej^^e dil 
el^Kn 

iflkpect 



The statements in Art. 103 wi4Bspect to the circle may 
all be applied to the hyperbola. 



EXAMPLES. 

1. What is the equation to an hyperbola of given trans- 
verse axis whose vertex bisects the distance between the 
centre and focus ? 

2. If the ordinate MP of an hyperbola be produced to Q 
so that MQ = 8Py find the locus of $• 

3. If any chord AP through the vertex of an hyperbola 
be divided in Q so that AQ : QPw A(P : J9(7", and gjf be 
drawn to the foot of the or^nate J£P, shew that QO at right 
angles to QJf cuts the transverse axis in the same ratio. 
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EXAMPLES ON THE HYPERBOLA. 



4. PQ is a chord of on ellipse at right angles to the major 
axis AA' ; PA, QA\ are produced to meet m R ; «hew that 
the locus of JS is an hyperbola having the same axes as the 
ellipse. 

5. If a circle be described passing through any point P 
of a given hyperbola and the extremities of the transverse 
axis, and the ordinate MP be produced to meet the circle in 
Q^ shew that the locus of Q is an hyperbola whose conjugate 
axis is a third proportional to the conjugate and transverse 
axes of the original hyperbola. 

6. Find the locus of a poinLsuch that if from it a pair of 
taiigeDta be draitTi'lo^ an%.4)HpMfte product of the perpen- 
diculajsj^drojjped J^i the fbci upon the chord of contact will 

be con^ 





t 
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CHAPTER XIL 

THE HTFEBBOLi. continued; 

Diameters. 

236. To find the length of a line drawn from any point in 

a given direction to meet an hyperhola. 

• •■ • 
Let x\ y\ be the co-OTdiiftlferof^the pofht from which the 
line is drawn ; a?, y, the co-ordinates of tnepoint ioy^pfjgi the 
line is drawn ; tne inclination of the linS^tO' the jEsof x ; 
r the length of the line ; then (Art. 27) ^ 

a; = a;'-f-rc08^, y s=y + r8in^., .%!». (1). 

If (oj, y) be on the hyperbola these viCraeS may be substi- 
tuted in the ecjuation ay — J V = — (fV ; thus , 

a*(y'+r8in^"-5*(aj' + rc68^* = -aV; 

-La 7^(a'sin*^-J*cos*^ + 2r(aysin5-JVc08^ 

+ ay-J*a?'« + aV=0 .....(2). 

From this quadratic two values of r can be found which 
are the lengths of the two lines that ctii^j^f^pm from {x^ y) 
in the given direction to ^^hjperbol 

237. To find the diameter of a giW^Kstem of parallel 
chords in an hyperhola. (See definition ii^Kt;«14B.^ ^ 

Let 6 be the inclination of the chords toKB tran^yerse axis, 
of the hyperbola; let x\ y\ be the co-ordinajes of the middle 
point of any one of the chords ; the equation which deter- 
mines the lengths of the lines drawn from («', y) to the curve 
is (Art. 236) 

«^(a'sin*i9-6«cos'^ + 2r(aysin^-&Vcos5) 

+ ay'-ft*a:'« + aV=«0 (1). 
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202 CONJUGATE DUM£T£B8 OF THE HTPERBOUU 

Since {x\ y*) is the middle point of the chord, the values of 
r famished by this equation must be equal in fnagnitude and 
opposite in sign; hence the coefficient of r must vanish ; thus 

u 

€ftf' sin 0-Vx'cos^^O, or/=-5COt5.a' (2). 

Considering x' and v' as variable this is the equation to a 
straight line passing through the origin^ that is, through the 
centre of the n jper Dola. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of puallel chords. For 
by giving to d a suitable value the equation (2) may be made 
to represent [any line passinfi; through the centre. If 0' be 
the inclination to the axis otx of the diameter which bisects 
all the chords inclined at an angle d, we have from (2} 

tan^ssTCOt^; 

.*. tan(?tan^«2i.^.. (3). 

238. J^ one diaaneter hised all chorda parcXld to a second 
diameter y the second diameter wiU bisect all chords parallel to 



Let 6^ sad 6^ be the respective incIinatioQS of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second^ we have 

tand,tand,»^« 

And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

The definition in Art. 191 holds for the hyperbola. 

239. Every straight line jjassing through the centre of an 
ellipse meets that euipse ; this is evident firom the figure, or 
it may be proved analytically. But in the case of an hyper- 
bola this proposition is not true, as we proceed to shew. 
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COKJ0OJLTB finrPERBOLA. 203 

240. To find the points of intersection of an hyperbola 
with a straight line passing through its centre. 

Let the equation to the straight line be 

Substitute this value of y in the equation to the hyperbola 

then we have for determining the abscissa of the points of 
intersection the equation 



/. (jf- 



V^cfm^^ 



Hence the values of a? are impossible if aW is greater 
than V. 

. Thus a line ,drawn through the centre of an hyperbola will 
not meet the curve if it makes with the transverse axis on 

either side of it an angle greater than tan"' 



a' 



241. It is convenient for the sake of enunciating many 
properties of the hyperbola to introduce the following im- 
portant definition. 

Def. The conjugate hyperbola is an hyperbdla having fi>r 
its transverse and conjugate axes the conjugate and transverse 
axes of the original hyperbola respectively. 

242. To find the equaJtion to the hyperbola conjugate to a 
given hyperbola. 

Let AA^ BB\^ be the' transverse and conjugate axes respec- 
tively of the given hyperbola; then BB' is Ihe transverse 
axis of the conjugate h^rperbola, and AA! is its conjugate 
axis. Let P be a point m the given hyperbola, Q a point in 
the conjugate hyperbola* Dittw PJIf, QN^ perpendicular to 
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20i EQUATION TO THE CONJUGATE HTPEBBOLA. 




CXj CT, respectively. The equation to tiie given hyperbolar 



Hence 






since Q is a point on an hyperbola having GB,^ CAy for its 
semi-transverse and semi-conjugatp axes respectively. Thus 
Hxj y, denote the co-ordinates of Q 

This, therefore, is the equation to the conjugate hyperbola; 
we observe that it may be deduced £rom the eouation to the 
given hyperbola by writing — of for a* and —6* for b\ 

Digitized by VjOOQ IC 



STRAIGHT LINES THROUGH THE CENTRE. 205 

The foci of the conjugate .hyperbola will be on the line 
BOB' at a distance from C^AB (Art, 216) ; that is, at the 
same distance, from C ^s 8 and JET. 

243. Every straight line drawn through the centre of an 
'hyp&hola meets the hyperbola or As conjugate hwerbola, except 
the ttoo lines inclinea to the transverse oasis of the hyperbola 

at an angle = tan"^ -r • 

Let the equation to the straight line be 

y^mx (!)• 

To find the absciss® of the points of intersection of (1) 
with the given hyperbola, we have, as in Art* 240, the 
equation . 

Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 

y 



tW 



If m' be less than -^, (2) gives possible values, and (3) 

impossible values for a?; if m* be greater than -y, (2) gives 

impossible values, and (3) possible values for a?; if m* = -5, 

(2) and (3) make x infinite* Thus the two lines that can 

be drawn at an inclination tan'^- to the transverse axis of 

a 

the given hyperbola meet neither curve ; and every other line 

meets one of the curves* 

244. Cf two conjugate diameters one meets the original 
hyperbola^ and the otker the conjugate hyperbola^ 

liCt the equations to the two diameters be 
y^mxi y^m'xi 
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•*«'«. 



^' 



then, by Art 238, tmi = 3 ; /. wW 

Hence if m' is less than -;, ni} is greater than '\\ thus 

the first diameter meets the original hyperbola, and the 
second the conjugate hyperbola. If mr is greater than 

-i , m'* is less than nsy thus the first diameter meets the 

conjugate hyperbola, and the second tiie original hyperbola* 

245. We proceed now td some properties connected with 
conjugate diameters. When we speak of the tx^mMu of a 
diameter we mean the points where that diameter intersects 
the original hyperbola or the conjugate hyperbola. 

We may remark that the original hyperbola bears the 
same relation ito the conjugate hyperbola as the conjugate 
hyperbola bears to the original hyperbola. Thus the defini- 
tion may be given as follows : two hyperbolas are called con- 
ju^te when each has for its transverse axis the conjugate 
axis of the other. 

Also if a line bisect all parallel chords terminated by one 
of the hyperbolas it bisects all the chords of the same system 
which are terminated by the other hyperbola. For the equa- 
tion (Art. 237) tan ^ tan ^ » ^ remains unchanged when we 

write — a' for a* and — V for &*, that is, when we pass fix)m 
the original hyperbola to the conjugate (Art. 242). 

Both curves are comprised in the equation 
(ay-S»aj^»«a*J\ 

246. Th/R tangent at either extremity of am/ diameter ta 
parallel to the chords which thai diameter bisects. See Art. 190. 

247. OiveA the co-ordinates cf one extremity of a diameter^ 
to find those ofeitii/eir extremity of ike oonfugate diameter. 

Let ACA\ BCff be the axes of an hyperbola; PCP"^ 
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DCUj a pair of comugate diamfiters. Let x\ y\ te the 
giyen co-ordinates of P\ then the equation to CPis 



y 

^ X 



(I). 



Since ihe conjugate diuneter DU is parallel to the tangent 
at P, the eqnoticm to Dlf is 



Vx' 

^ ay 



(2). 



We nnut combine (2) with the eooatioa to the conjugate 
hyperbola to find the co-ordinates of D and U, Substitute 
nam (2) in 

fly-J^a?«(W; then 

h* at'* 



Z' 



, + SL. 
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208 CONJUGATE DIAMETBBS OF THE HYPERBOLA^ 

hx' 
.\ from (2), y^±—. 

In the figure the abscissa of D is positive, and that of D' 
negative; hence the upper sign applies to jD, and the lower 
to D\ 

248. The differ^mce of the squares of two conjugate semi* 
diameters is constant. 

Let x\ y\ be the co-ordinates of P; then by the preceding 
article, 



OP- C2?*-a:'«+y'«-^-*''^'* 



V ■*■ €? 

«a'^b\ 

Hence the difference of the squares of two conjugate semi- 
diameters is equal to. the difference of the squares of the semi- 
axes. 

249. The area of the parallelogram formed hy tangents at 
the ends of conjugate diameters is constant. 

Let PCF^ DCiy^ be the conjugate diameters (see fig. to 
Art. 247). The area of the parallelogram formed by tangents 
at P, D, F, ly, i& 4tCP.(WBmPCl), or 4p. GDy where jj 
denotes the perpendicular from C on the tangent at P. Let 
^\ y\ he the co-ordinates of P; then the equation to the 
tangent at Pis 

5V V 



Hence 


(Art. 47) 






' a/(-^} 


V(ay» + 6*«'«)- 
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PERPENDICULAR FROM THE CENTRE ON THE TANGENT. 209 

.\ Ap.GD = Aab. 

Hence the area of any parallelogram formed by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of {he axes, 

250. Let a\ h\ denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article, 

aH! sin a = ai. 

By making P move along the hyperbola from A we can 
make CPor a as great as we please. Also since a**— J'* is 
constant, V increases with a\ Thus sin a can be made as 
small as we please, that is, GP and CD can be brought as 
near to coincidence as we please. The limiting position 
towards which they tend is easily found ; for from Art. 237, 

thus the limit to which m and m' approach as GP and GD 
approach to coincidence is ± - • 

251. From Art. 249, we have 

^ = C^=CP^3^Ty- (Art. 248.) 

This gives a relation between^ the perpendicular from the 
centre on the tangent at any pomt P, and the distance CP of 
that point from the centre. 

Also if ^ denote the angle which the perpendicular makes 
with the transverse axis we may shew as in Art. 196, that 

p^ = a'(l-e"sin*<^). 
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210 EQUATION TO THE HYPERBOLA BEFERRED 

252. To find the eqitation to the hyperbola referred to a 
pair of conjv^fate diameters as axes. 

Let CP, CD, be two conjugate semidiameters (see fig. to 
Art. 247), take OP aa the new axis of a?, CD as that of y ; 
let PCA^a, JDCA^fi. Let a?, y, be the co-ordinates of 
any point of the hyperbola referred to the original axes; 
X, y\ the co-ordinates of the same point referred to the new 
axes ; then (Art. 84) 

aj a= a?' COB a + y cos /8, 

y^x sin a + y sin j8. 

Substitute these values in the equation 

then cf [x sin a + y' sin j3)' — V {x cos a+y cos )9)' = — a*6', 
or aj" (a' sin* a -J'* cos' a) +y'" (a*sin«)8- J*co8'/8) 

+ 2x'y [c? sin a sin )9 — V cos a cos )8) = — a'J*. 
But since CP and CZ> are conjugate semidiameters 

tanatanfl = -5: 
■a* 

hence the coeflScIent of x'y vanishes, and the equation be- 
comes 

x"" (a' sin* a - i' cos'a) +y* (a* sin* /3- J* cos* /3) = - a%\ 

In this equation suppose y = 0, then 

-a*y ^ a*&* 

a'sin*a — J*cos*a i*cos*a — a^sin*a' 

This is the value of CP* which we shall denote by a'*. If 
we put a' a: in the above equation we obtain 
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TO CONJUGATE DIAMETERS AS AXES. 211 

Now since we have supposed that the new axis of x meets 
the curve, we know that the new axis of y will not meet the 
curve (Art. 244), so that 



o^sin^i8-J*co8*/? 



is not Si positive quantity ; we shall denote it by — 5'*. Hence 
the equation to the hyperbola referred to conjugate dia- 
meters is 

^ b'*~ ' 

or suppressing the accents on the variables 

a" '5"~ 

Also the equation to the conjugate hyperbola referred to 
the same axes is 

The equation to the tangent to the hyperbola will be of the 
same Jbrm whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters. (See Art. 
200.) 

253. Tangents at the extremities of any chord of an hyper- 
hola meet in the diameter which bisects that chord. (See Art. 
201.) 

264. If a chord and diameter of an hyperbola are parallel, 
the supplemental chord is paralld to the conjugate diameter, 
(See Arts. 202, 203.) 



255. The properties of the hyperbola hitherto given have 
been similar to those of the ellipse ; we have now to consider 
some properties peculiar to the hyperbola. 
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ASYMPTOTES, 




Let the equation to the hyperbola be 

and let CL be the line which has for its equation 

bx 

Let MPQ be an ordinate meeting the hyperbola in P and 
the straight line CL ia Q; then if Glf be denoted by x, 



a» 



ab 



If then the line MPQ be supposed to move parallel to itself 
from Ay the distance PQ continually diminishes, and by taking 
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ASYMPTOTES. ^13 

CM large enough we may make PQ as small as we please. 
The line CL is called an asymptote of the curve. 
Similarly the line CL' which has for its equation 

hx 

is an asymptote. 
Thus the equation 

includes both asymptotes. We may take the following de- 
finition. 

Def. An asymptote is a straight line the distance of 
which from a point of a curve diminishes without limit as 
the point in the curve moves to an infinite distance from the 
origin. 

The distance of P from CL is PQ sin PQC; and as we 
have seen that PQ diminishes without limit as P moves away 
from the origin, CL is an asymptote according to the definition 
here given. 

256. In the 9ame manner we may shew that CL is an 
asymptote to the conjugate hyperbola. For let MP be pro- 
duced to meet the conjugate hyperbola in P then (Art. 242) 

a^^^ , ' ^ ^{ar-ta^) + x 

Hence as CM is increased indefinitely P^ is diminished 
indefinitely; therefore CL is an asymptote to the conjugate 
hyperbola. 

257. The equation to the tangent to the hyperbola at the 
point (a?', y') is 
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_Vx'x y 

h x'x I* 



a'^ix'^-a') y' 
Ix V 

If x' and y' are Increased indefinitely the limiting form to 
-which the above equation approaches is - 

hx 

Thus tbe tanj^ent to the hyperbola approaches continually 
to coincidence with an asymptote when the point of contact 
moves away indefinitely from the origin. 

258. It appears from Art. 243 that every straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its direction coincides with 
that of one of the asymptotes. And from Art, 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 

259. T^e line joining the ends of conjugate diameters is 
paraUet to one asymptote and bisected by the other. 

Let Xy y'y be the co-ordinates of any point P on the hyper- 
bola (see fi^. to Art. 247) ; then the co-ordinates of J) the 
extremity of the conjugate diameter are (Art, 247) 

ay , bx' 
-f- and — • 
b a 

Hence the equation to DP is 
, hx' 
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that is, y'-y'=^--{x-x)i 

and therefore DP is parallel 'to the asymptote 

hx 

Also the co-ordinates of tlie middle point of DP are, 
(Art. 10), 



W^t)'^\{>--^1 



that IS, -^^-T^T — and -^ . 

' 26 2a 

These co-ordinates satisfy the equation 

hx 

uQR 

therefore the asymptote y = — bisects PD, 

Since the diagonals of a parallelogram bisect each other, 
and PD is one diagonal of the parallelogram of which GP 
and GD are adjacent sides, the other diagonal coincides with 
the asymptote, that is, the tangents at P and D meet on the 
asymptote. 

260, The equation to the hyperbola referred to conjugate 
diameters as axes is 






(1). 



Hence the equations to the asymptotes referred to these 
axes are 

Vx Vx ,_. 
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For we may shew as In Art. 243 that the lines denoted by 
(2) are the only linerf through the centre which meet neither 
(1) nor its conjugate. Hence these lines lure the asymptotes 
by Art. 258. 

Or the same conclusion* may be obtained thus ; the original 
equation to the hyperbola is 



a? 
and that to the two asTmptotes 






?-!=«• 



If by substituting for x and y their values in terms of the 
new co-ordinates x' and y\ and suppressing accents on the 
variables, the former equation is reduced to 



^ 

a" b' 



'2 r/a — 1> 



the latter must become, by the same substitution, 

261. Tq find the equaiion to the hyperbola referred to the 
asymptotes as axes. 

Let CZ, Cr, be the original axes; GX\ CY\ the new 
axes, so that CX' and CY' are inclined to CX on opposite 

sides of it at an angle a such that tan a = - . Let x, y, be 

a 

the co-ordinates of a point P referred to the old axes ; x\ y\ 

the co-ordinates of the same point referred to the new axes. 

Draw PM: parallel to GY\ and FM and MN, each parallel 

to CY. Then 

x^CM^GN^NM 

— («' + y') cosa. 
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So 
Also 



y = Pif=(y'-aj')sina. 
a . h 



cos g= // a . rax , sin a = ,, , ■ . Mv ; substitute these 
values in the equation 

then a"i" (y' - a:')* - a'J" (y' + a?')' = - a«5» (a« + J*) 



or, 






or, suppressmg the accents, 

The equiation to the conjugate hyperbola referred to the 
same axes is (Art. 242) 



a« + J» 
ay = —. 
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262, To find the eqtiatian to the tangent at any point of an 
hyperbola when the curve is referred to its asymptotes as axes. 

Let x\ y\ be the co-ordinates of the point ; 

x\ y'\ the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 

y-^'=fcf' ('"-«'') (^^- 

Since {x\ y) and {x\ y") are points on the hyperbola 
Hence (1) may be written 
or, y-y'=-^,{x-ar). 

X 

Now in the limit x'^x ; hence the equation to the tan- 
gent at the point (a?', y) is 

If -If' |(^-«^') (2).. 

This equation may be simplified ; multiply by x', thus 

i c f r a^ + h^ 
yx+ocy = 2xy = ^ . 

263. To find where, the tangent at {x\ y') meets the axis 
of X put y = in the equation 

yx+xy = — — ; 

.1. «' + *" 2ajy ^ , 

thus a?=— -r- = — ?-^2x. 

^ y 
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Similarly to find where the tangent cuts the axis of y put 
07 = in the equation; thus 

Thus the product of the intercepts ^Aai'jf ^cf •\- V. The 
area of the triangle contained between the tangent at any 
point and the asymptotes is equal to the product of the 
mtercepts into half the sine of the included angle 

= J (a* + &*) sin 2a= (a* + W) sin a cos a = aJ, 
and is therefore constant. 

Since the tangent at (a;', y') cuts off intercepts 2aj', 2y', from 
the axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes is bisected at 
the point of contact. 



Polar Equation* 

264. To find the polar equation to the hyperbola, the 
focus being the pole. 

Let fiP= r, AHP= ; (see fig. to Art. 209) 
then HP^ePNj by definition; 

that is, HP^e{OH+ HM) ; 

or r = a (e' - 1) + er cos (tt- ^), (Art. 212) ; ^ 

/. y (1 + e cos ^) = a (e' — 1), 

^d r^^^p=^,. .....(1). 

If we denote the angle XHP by ^, then we have as before 
EP^eiOH-^-HM)', 
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thus r==a (e*— 1) +er cos^, 

a(6"-l) 



and 



r = 



1 — 6 cos tf 



.(2). 



We may also proceed thus; in the figure to Art. 218 
suppose SP=^ r and P/Sff = 6 : 



then 
that is, 
or 

and 



SP=ePN\ 

r = 6rcos^ — a (c*— 1); 
.-. r(ccos^-l)=a(e*-l) 



r = 



a(e'-l) 
e cos ^ — 1 



(3). 



265. It will be a good exercise to trace the form of the 
hyperbola from any of these polar equations. Take for ex- 
ample the equation (1) ; suppose ^ = 0, then r =^ a (e — 1) ; 
we must therefore measure off the length a (e — 1) on the 
initial line from the pole H^ and thus obtain the point A as 
one of the points of the curve. 
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As increases from to — we see from (1) that r increases; 

cos 5 is negative when is greater than - and r continues to 

increase. Let a be such an angle that 1 + e cos a == 0, that is, 

cos a = , then the nearer approaches to a the greater r 

becomes, and bj taking near enough to a, we may make r 
as great as we please. Thus as increases from to a that 
portion of the curve is tracfcd out which begins at A and 
passes on through P to an indefinite distance from the origin. 

When is greater than a, r is negative, and is at first in- 
definitely great and diminishes as increases from a to tt. 
Since r is negative we measure it in the direction opposite to 
that we should use if it were positive. Thus as mcreases 
from a to TT that portion of the curve is traced out which 
begins at an indefinite distance from G in the lower left-hand 
quadrant, and passes on through Q to A'. HA' is found by 
putting ^ = TT in (1) ; then r becomes — a (e + 1) therefore 
HA' is in length = o (e + 1). 

As increases from tt to 27r — a, r continues negative and 

numerically increases, and may be made as great as we please 

by taking sufficiently near to 2«7r — a. Thus the branch of 

\the curve is traced out which begins at A' and passes on 

through Q' to an indefinite distance. 

As increases from 27r — a to 27r, r is again positive, and 
is at first indefinitely great and then diminishes. Thus the 
portion of the curve is traced out which begins at an indefi- 
nitely great distance from (7 in the lower right-hand quadrant 
and passes on through P' to ^. 

The asymptotes CL and CL' are inclined to the transverse 
axis at an angle of which the tangent is -; hence cos LGA 

-==-, and cosLGA'^ ; that is, LGA'==a. 



Thus as approaches the value a the radius vector approaches 
to a position parallel to GL. Similarly, as approaches the 
value 27r — a the radius vector approaches to a position parallel 

to cl: 
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266. As in Art. 205 it may be shewn that the polar 
equation to a chord subtending at the focus an angle 2y3 is 

^^ I 

6 cos ^ + sec /8 cos (a — ^) * 

a — /8, and a + /8 beinff respectively the vectorial angles of the 
lines which join the focus to the ends of the chord, and I the 
semi-latus rectum. 
Hence the polar equation to the tangent k 

I 

e cos ^ + cos (a — ^)* 

267. The polar equati<m to the hyperbola, the centre 
being the pole, is (Art. 206) 

r"(a«sin«^~5»cos*^)=^a«y. 

Arts. 207, 208, are applicable to the Hyperbola. 

Equilateral or Bectangular Hyperbola. 

268. If in the equation to the ellipse a*i^ + iV = a*J*, 
we suppose J = a, we obtain aj* + y* = a* which is the equation 
to a circle ; so that the circle may be considered a particular 
case of the ellipse. If in the equation to the hyperbola 
^v* — JV = — a'6* we suppose J = a we have y* — a^= — a*. 
We thus obtain an hyperWa which is called the equilateral 
hyperbola from the equality of the axes. Since me angle 

between the asymptotes, which = 2 tan"^ — , becomes a right 

angle when J = a, the equilateral hyperbola is also called the 
rectangular hyperbola. 

The peculiar properties of the rectangular hyperbola can 
be deduced from those of the ordinary hyperbola by making 
J = «. 

Thus since i' = a' (e* — 1) 'we have e"— 1 = 1, .•. e « V2. 
The equation to the tangent is (Art. 220) 
y^' — axe' «i — a*. 
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From Art. 227 PG = P& = s/{rr) . 

The equation to the conjugate hyperbola is, by Art. 242, 

Thus the conjugate hyperbola Is the same curre as the 
original hyperbola, though differently situated. 

By Art. 248, GP^ CD, and therefore by Art. 259, CP 
and CD are equally inclined to the asymptotes. 



EXAMPLES. 

1. The radius of a circle which touches an hyperbola and 
its asymptotes is equal to that part of the latus rectum which 
is intercepted tetween the curve and asymptote. 

2. A line drawn through one of the Tertices of an hyper- 
bola and terminated by two lines drawn through the other 
vertex parallel to the asymptotes will be bisected at the other 
point where it cuts the hyperbola. 

3. If a straight line be drawn from the focus of an hyper- 
bola the part intercepted between the curve and the asymptote 

= 1 — Ti , where 6 and a are the an&:les made respectively 

sma + sm^ ° r .^ 

by the straight line and asymptote with the axis. 

4. PQ is one of a series of chords inclined at a constant 
an^le to the diameter AB of a circle, find tiie locus of the 
point of intersection of -4P, BQ. 

5. P is a point in a branch of an hyperbola, P' is a point 
in a branch of its conjugate, (7P, OF, being conjugate semi- 
diameters. If 8^ 8', be the interior foci of the two branches, 
prove that the difference of 8P and 8'P' is equal to the dif- 
ference oiAG and BG. 

6. If a;, y, be co-ordinates of any point of an hyperbola, 
shew that we may assume a? = a sec &, y = i tan ^. 
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7. A line is drawn paxallel to the axis of y meeting the 

hyperbola -y — ^ = 1, and its conjugate, in points P, Q ; shew 

that the normals at P and Q intersect each other on the axis 
of X. Shew also that the tangents at P and Q intersect on 
the curve whose equation is y {cfj^ — i"a^ = 4JV. 

8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate ; shew that the chord of 
contact will touch the other branch of the conjugate. 

Find the equation to the radii from the centre to the points 
of contact of the two tangents, and if these radii are perpen- 
dicular to one another, shew that the co-ordinates of the point 
from which the tangents are drawn are 

9. Two lines are drawn through the focus of an ellipse 
including a constant angle ; tangents are drawn to the dlipse 
at the points where the lines meet the ellipse ; find the locus 
of the intersection of the tangents, 

10. Under what limitation is the proposition in Example 
30 of Chapter x. true for the hyperbola ? 

11. The ratio of the sines of the angles made by a diameter 
of an hyperbola with the asymptotes is equal to the ratio of 
the sines of the angles made by- the conjugate diameter. 

12. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas is constructed ; prove that 
if one hyperbola touch the ellipse the other will do so like- 
wise ; prove also that the diameters drawn through the points 
of contact* are conjugate to each other. 
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CHAPTER XIII. 

GENERAL EQUATION OP THE SECOND DEGREE. 



269. We shall now shew that every locus represented by 
an equation of the second degree is one of those which we 
have alreadjr discussed, that is, is one of the following ; a 
point, a straight line, two straight lines, a circle, a partubola, 
an ellipse, or an hyperbola. 

The general equation of the second degree may be written 

aa? + hxy + ct^+dx'i-ei/ +/= ; 

we shall suppose the axes rectangular; -if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a transformation cannot affect 
the degree of the equation (Art. 87), the transformed equation 
will still be of the form given above. 

If the curve passes through the origin /= ; if the curve 
does not pass through the origin / is not s= 0, we may. there- 
fore divide by /and thus the equation will take the form 

aa? + b'ay + cY + d'x + ey + 1=^ 0. 

270. Wq shall first investigate the possibility of removing 
from the equation the terms involving the jftrst powers of the 
variables. 

Transfer the origin of co-ordinates to the point (A, Jc) by 
putting 

x^x' + hj y=y+A:, 

and substituting these values of x and y in the equation 

cMB» + Ja?y + cy' + <i» + 6y+/=0 —..(I); 
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226 CENTRAL CURVES OF THE SECOND DEGREE. 

thus we obtain 

aaj'* + iicy + cy"+(2aA + Ji; + eZ)aj' + (2cA + iA+€)y 

+/ = (2), 

where / = aA" + JAA;+c&* + £iA+eZ;+/ (3), 

Now, if possible, let such values be assigned to h and k as 
to make the coefficients of a?' andy' vanish ; that is, let 

2aA + iAj + rf = 0, and 2cA + iA + « = 0; 

It will therefore be possible to assign suitable values to h 
and Jcy provided h^ — 4c(ic he not^O. 

We shall see that the loci represented by the general equa- 
tion of the second degree may be separated into two classes, 
those which have a centre^ and those which in general have 
not a centre, and that in the former case J* — 4ac is not zero, 
and in the latter case it is zero. We shall first consider the 
case in which V — 4ac is not zero, and consequently the values 
found above for h and h are finite. 

Equation (2) thus becomes 

aa?" + Ja;y + cy'+/=0 (4). 

Now if (4) is satisfied by any values 0?^, y^, of the variables, 
it is also satisfied by the values — a?i, — y^. Hence the new 
origin of co-ordinates is the centre of the locus represented 
by (1). 

Thus if J* — 4ac be not = 0, the locus represented by (1) 
has a centre, and its co-ordinates are h and /b, the values of 
which are given above. 

The value of/' may be found by substituting the values of 
h and km (3) ; the process may be facilitated uius ; we have 

2aA + JAj + ^=0, 

2cAj+&A+6«0. 
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Multiply the first of these equations by A, and the second by 
h^ and add ; thus 

or 2/-da-eA;~2/=:0,- 



••./'==/ + 



2 
cd^ + ae' — hed 



We shall retain f for shortness. 

271. We may suppress the accents on the variables in (4) 
of the preceding article and write it 

aiB» + Ja?y + cy"+/' = (5). 

This equation we shall farther simplify by changing the 
directions of the axes. (Art. 81.) 

Put aj = a?' cos ^ — y' sin d, 

y = aj' Bintf + y'cos^, 
and substitute in (5) ; thus 
ic" (a cos* ^ + c sin* ^ + i sin ^ cos ^) 

+ y * (a sin* ^ + c cos*^ — isin ^cos 0) 
+ x'y' {2 (c - a) sin ^ cos 5 + J (cos* ^ - sin* ^) } +/ = 0. . . (6) • 
Equate the coefficient of aj'y' to zero; thus 

2 (c -• a) sin dcos ^ + J (cos*^ - sin*d) =0, 
or (c-a) sin2^4-&cos2^=0; 

A tan 2^ = (7). 

Since 6 can always be found so as to satisfy (7), the term 
involving x'j/ can be removed from (6), and the equation 
becomes ^ i 
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a?** (acos'5 + c sin*^ + 5Bin 5cos5) 

+y''(asm»^ + ccos'i9-isin^cos^)+/' = 0, 

or Ax'^ + By'^^f^O (8), 

where -4 = ^ {a + c + (a — c) cos 2^+ J sin 2^}, 
jB« J {a + c - (a — o) cos 2^ - i sin 20]. 

Since tan 20 = 

cos 20 = 

and sin 20 ^ 



5 



V{6' + (a-c)'}' 

Hence u4 = J [a + c + V{i' + (o - «)'}], 

5 = i[a + c-V{i' + (o-c)'}]. 

We may suppress the accents on the variables in (8) and 
write it 

(1) K -4, -B, and/' have the same sign the locus is impos- 
sible. 

(2) TiA and jBhave the same sign and/' have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 

The locus is of course a circle if -4 = JB. 

(3) If A and B have different signs the locus is an 
hyperbola. (Art. 211.) 

We have supposed in these three cases that /' is not = ; 
if /' s 0, and A and B have the saToe sign the locus is the 
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origin ; if Z' == 0, and A and B hare different signs the locus 
consists of two straight lines represented hy 



From the values of A and B we see that 

,^^ (a + c)'-y-(a-c)' 
4 

4ac-5' 



Hence A and B have the same sign or different signs 
according as J'— 4ac is negative or positive. 

272. Hence we have the following summary of the results 
of the preceding articles of this chapter. The equation 

oa? + Ja?y + cj^ + da: + ey +/ « 

represents an ellipse if J' — 4ac be neffotwe, subject to three 
exceptions in which it represents respectively a circle, a point, 
and an impossible locus. If ft* — 4ac 'bejpositive the equation 
represents an hyperbola subject to one exception wnen it 
represents two intersecting straight lines. 

273. We may notice that the equation in Art. 271, 

tan 2d = -^, 

has an infinite number of solutions ; for if 2a be one value of 
20 which satisfies the equation, then if 2d = 2a + wtt, where n 
is any integer, the equation will be satisfied. But these dif- 
ferent solutions will all give the same position for the axes. 

For the values of are comprised in the expression a + — , 

and by ascribing different values to ^ we obtain a series of angles 

each differing firom a by a multiple of ~ , and the only changes 

that will arise from selecting different values of n are that the 
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axis of a? in one case may occupy the jjosition of the axis of y 
in another aind vice versdy or the positive and negative direc- 
tions of the axes may be interchanged. 

The radical in the value of cos 20 and of sin 2d in Art. 271 
may have either sign ; but the sign must be the same in both 

in order that the relation tan 20 = may hold. 

274. It appears from the former part of Art. 271, that by 
turning the axes through an angle Q the equation 

becomes 

oV» + 5'a;y + cyH/ = 0, 
where 

(jl^Wa-irc-\-{(i- c) cos 2^ + 5 sin 2^}, 

y = (c -• a) sin 2d -f- J cos 2d, 

c' = i{a + c - (a - c) cos 2d - J sin 2d] . 

Hence a' + c' = o + c; and 

J" - 4aV = {(c - a) sin 2d + S cos 2d}* 

- (a + c)*+ {(a-c) cos 2d + J sin 2df 

= (a-c)« + y-(a + c)* 

Thus the expression J' — 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or ajier the axes have been shifted. 

The same remark applies to the expression a + c. 

Hence we conclude that if the curve represented by the 
general equation 

aa? + 5a?y + qy* + c2r + cy +/ = 

be a rectangular hyperbola, a + c = ; for if the curve were 
referred to its transverse and conjugate diameters as axes this 
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relation would hold, and therefore, as we have just seen, it 
must always hold whatever be the axes. 

275. We have next to consider the case in which 

We cannot now as in Art. 270 remove the terms involving 
the simple power of the variables from the general equation, 
but we can still simplify the equation as in Art. 271, by 
changing the direction of the axes. 

Let the equation be 

aa? + &iy + c/ + &? + ey+/=0 (1); 

put aj = a?'cos^ — y'sind, 

y = a?' sin ^ + y ' cos d, 

then (1) becomes 

x"^ {a cos' ^ + c sin* ^ + & sin ^ cos 6) 

-f-y" (a 8in*^4-c cos'^- J sin tf cos^) 

+ a?y (2 (c-a)sin^cos^-f-5(cos'd- sin' d)} 

+ a?' (Jcos d + e sin^ +y {e oo^O-dmiff) +/= (2). 

Now let tan 2^ = , 

then the coefficient of ay in (2) vanishes, and as in Art. 271 
the coefficients of a?'* and y*^ are 

i[a + c±V{(a-c)' + J'}]. 

One of these coefficients must therefore vanish since their 

product is ^^7" , which, by hypothesis, = ; suppose the 

coefficient of a^^O, thus by suppressing accents on the 
variables, (2) may be written 

Oif'+Da^+^+Z^O...; (3). 
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If i? be wo« = 0, this may be written 

and thus the locus is a parabola, (Art. 125.) 

If i? = then (3) represents two parallel straight lines, or 
one straight line, or an impossible locos, according as JT* is 
greater, equal to, or less than 4k Of. 

Hence if J* — 4ac = the equation 

aa? + bxy -^cy^ + dx + ey +/= 

represents a parabola subject to three exceptions, in which it 
represents respectively two parallel straight lines, one straight 
line, and an impossible locus. 

By combining this result with those enumerated in Art. 
272, we have a complete account of the general equation of 
the second degree. 

276. We have shewn in Art 270, that when 5' — 4ac is 
not = 0, the general equation of the second degree represents 
a central curve; we shall now prove that when J*— 4ac = 
the curve has not a centre except when the locua consists of 
two parallel straight lines. 

If a curve of the second degree hive ike origin of co-ordincites 
for its centrCy no term involving the first 'power of either of the 
variables alone can const in the equation. 

For if possible suppose that the origin of co-ordinates is 
the centre of the curve 

aaj' + % + c3^ + da5 + ey+/=0 -..(l), 

and let x^, y^, be the co-ordinates of a point on the curve and 
therefore — a?^, — y^, co-ordinates of another point on the curve; 
substitute successively in (1), then 

aa?j' + iaj,y, + cyi* + da?, -^ 6y, +/« 0, 

aa?,» + Ja?xyi + cy/- <9te, - «y, +/= ; 
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therefore, by subtraction, 

2(^, + eyJ=0... '....(2). 

Now Tinless d and e both vanish, (2) can only be true when 
(a?j, yj lies on the line 

<fo + ey == 0. 

But the centre of a curre is a point which bisects ecery 
chord passing through it; hence the origin of co-ordinates 
cannot be the centre of the curve (1) unless both d and e 
vanish. 

277. If then we have an equation 

aa?*4-iajy + cy* + da: + ey+/=0 (1), 

in which 5' — 4«c = 0, and d and e are not both zero, we 
conclude that the curve has no centre ; for if it had a centre 
and we took that centre as the origin of co-ordinates, the 
terms involving the first power of x and y would vanish ; 
but we know from Art. 270 that since J'— 4ac = 0, we cannot 
by changing the origin destroy these terms, and we know from 
Art. 274 that we cannot alter the value of }? — 4ac by chang- 
ing the direction of the axes. 

If, however, d and e are both zero, (1) becomes 

aaj* + % + ^'+/=0 (2), 

and thus, if the locus be possible, it is a central curve. 

If }? — 4ac = 0, equation (2) may be written 



(-©V-^ 



-g=V(-S- 



If / and a are of difermt sims the locus consists of two 

f)arallel straight lines; if/ and a are of the same sign the 
0CU8 is impossible. 

278. We may observe that relations similar to those 
obtained in Art. 274 hold when the axes of co-ordinates are 
oblique. For suppose the equation 

cw^ + Jay + cy" +/'=^ 
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to be referred to rectangular axes, and let the axes be trans* 
formed into an oblique system inclined at an angle to ; sup- 
pose moreover that the new axis of x coincides with the old 
axis of a?. We have then to put (Art. 84) 

a? = oj' + y ' cos 0), y = y' sin © ; 

substitute these values in the above equation and it becomes 

where a = a, 

V = 2a cos 0) 4- ft sin ©, 

c' = a cos' a)-f-5sin©cosa) + c sin'® ; 

thus J'« - 4aV = (5* - 4ac) sin' ©, 

and a' + c' — y coso> = (a + c) sin'©; 

so that . , =5' — 4ac, 

sm' Q) 

, o' + c' — 5' cos a> 

and ;-« =a + c. 

sm'co 

Therefore, by means of Art. 274, we conclude that for any 
system of axes, rectangular or oblique, the expressions 

J''-4aV , a' + c'-y cos© 
— r-s and ;-5 

remain unchanged when the axes are changed. 

See Salmon's Cmtc Sections, 3rd Edition, pages 142, 143. 

279. We shall now shew how to trace a curve of the 
second degree from its equation without transformation of 
co-ordinates; the axes may be supposed oblique or rect- 
angular. 

Let the equation be 

aa? + &ajy + c|y' + (fe-f-ey+/«0 (1). 
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Solve the equation with respect to y ; thus 

= -^^± I- {(6»- Aac)a?+2Q>e-2cd)x-\- J- Aef]^ ... (2) 

^aa:+)3±|^^(a^+2pa? + j)|* : (3), 

where « = -23» ^ = "lc^ 

I. Suppose y — 4ac negative, and write — yx for — j-^ — ; 

thus (3) becomes 

y=:aa?+)3±{-/A(a:^+2pa? + j)li (4). 

Now a? + 2jMJ + J = (a? +^)* + j — ^»; 

if then j — »* be positive, the quantity under the radical is 
negative and the h)cus impossible ; 

if q — ^* ss 0, the locus is the point determined by 

if J — y be negative, we may put 

(aJ+i>)'+j-i>' = {aJ+i? + V(/-?)}{a?+i>-V(i>"-2)}. 

=5 (a? — 7) (a? — 8) suppose ; 

and thus (4) may be written 

y = a» + )3±{-/*(aj-7)(aj-S)}J (5). 

Since (a; — 7) (a; — S) is positive, except when x lies between 
7 and S, the values of ^ in (5) are real onlv so lone as x lies 
between 7 and S. Moreover y is always jmitey and thus the 
curve represented by (5) is limited in every direction. 
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Since we know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 269, it 
follows that it must represent an ellipse. 

From the form of equation (5) we see that the chords 
parallel to the axis of y are bisected by the line 

y = 0Kc + )3. ....•, (6). 

For let there be two points on the curve (5) having the 
common abscissa x^y and the ordinates y', y", respectively ; and 
let y^ be the corresponding ordinate of (6), 

then yi=a»i + /8, 

y = flur, + /9 + {-/*(a?i-7)(^i-8)}*, 

y' = (5ur, + /8- {-/* (0^,-7) (^x-8)l*. 

Thus, y,=4(y+/); 

and therefore the point (a?j, yj lies midway between the points 
(a?„ y') and {x,, f). 




Digitized by VjOOQ IC 



TBAClNa AN HYPEEBOLA. 237 

In the figure DGD' represents tibe line y = flK» + /S; the 
abscissae of D' and D aiQ y and 8 respectively ; supposing 
S greater than 7. The centre G is miaway between 2>' and 
D ; its abscissa is therefore i (7 + S). The equaticm to the 
curve will give the ordinates of 2>', A (?', G. Since 00' ia 
parallel to the chords which JffD bisects, Dlf and OO' are 
conjugate diameters. 00' is a known quantity since the 
ordmates of O and O' are known. DD is also a known 
quantity since the abscissae, and ordinates of D and D' are 
known. The angle between 00' and Djy is known from 
the equation to DD' ; the axes of the ellipse may therefore be 
found (Arts. 193, 195). 

II. Suppose J* — 4(zc positive; put /* for ^ ; thus 
equation (3) becomes 

y = aic + /8±{/*(ai"+2pa:-hj>}i (7). 

Now a?+2pa; + J — (a?+^)" + j— jp*; 

if then j — ^'^ be positive, the ^[uantity under the radical is 
always positive, whatever positive or negative value be as- 
signed to X. The curve therefore extends to infinity. Also 
it may be shewn as before, that the line 

is a diameter of the curve ; but it never TiMeta the curve, be- 
cause the quantity a? + 2pa; -f- j or (a? +i?)* + j — jp' cannot 
vanish. Hence the curve consists of two unconnected branches 
extending to infinity, and is therefore an hyperbola. 

If J — jp* = 0, (7) becomes 

y = ax + fi±^fi{x +p). 

The locus now consists of two intersecting lines. 

If q — y be negative we may as before write (7) in the 
form 

y«oaj + )3 + {/A(a?-7)(a?-S)}*. 

Hence x may have any value, positive or negative, except 
those between 7 and B; hence the curve consists of two 
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unconnected branches extending to infinity, and is therefore an 
hyperbola. 

We shall be assisted in drawing any example of this case 
by ascertaining the position of the asymptotes. 

The equation to the curve is 

y = OKC + /8 ± {/A (oj* 4- 2paj + j) } * ; 

Expand by the Binomial theorem ; thus 

= oa? + ^ ± V/* (i» +jp) + &c« 

The terms included in the &c. involve negative powers of 
oj, and may therefore be made as small as we please by suf- 
ficiently increasing x ; hence firom the nature of an asymptote 
the required equations to the asymptotes are 

and y = aic + /8 — V/*(a?+i?)* 

Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asvmptotes is the centre, and thus the 
situation and form of the hyperbola are known. 

The expression 

this vanishes when 

and therefore when 

(J»-4ac)/+ ae' + CC? - J<3(? = 0; 

so that if this relation holds the locus represented by (1) 
consists of two intersecting straight lines. 
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We have hitherto supposed that c is not zero, and as 
5' — 4tac cannot be neaative if c be zero, it was not necessary 
to advert to the possibility of c being zero while considering 
the first case. But as c may be zero consistently with V—^ctc 
being positive^ we must now examine the consequences of 
supposmg c zero. 

The equation (1) may be solved with respect to x instead 
of with respect to y. Hence it will be found on iuvestigation 
that the results hitherto obtained, when J* — 4ac is positive, 
are certainly true provided that a and c are not both zero ; the 
latter case requires farther examination. Suppose then a = 
and c = ; thus (1) becomes 

by changing the origin this can be put in the form 

where /' = -*^-t — ; 

the curve is therefore an hyperbola with the new axes for its 
asymptotes, except when Jf— cfe=0, and then it becomes 
two intersecting straight lines. When a = and c=0, the 
expression 

reduces to h {bf—de) ; thus we conclude that when b^^-idc 
is positive the equation (1) always represents an hyperbola, 
except when 

(J' - 4ac)/+ oe' + c^ - Jerf= 0, 

and then it represents two intersecting straight lines. 
in. Suppose 5*— 4ac = 0, then (2) becomes 

which may be written 
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where 

If jp' be positive, the expression under the radical is positive 
or negative, according as a; is algebraically greater or less 

than — 2. ; Up' be negative, the statement must be reversed. 

In both cases the curve extends to infinity in one direction 
only and is therefore a parabola. 

The line y = our + /8 is a diameter, bisecting all ordinates 
parallel to uie axis of ^, and meeting the parabola at the 

point for which a? = — ^ , 

If p' = 0, the equation becomes 

this equation represents two parallel straight lines if q is 
positive, and one straight line if j' = ; if j is negative, the 
locus is impossible. 

We have hitherto supposed in considering the third case 
that c is not zero; if c=0, then J = 0, since 5' — 4ac=0; 
hence a and c cannot both be zero, for the equation (1) is 
supposed to be of the second degree. As before, we may 
solve equation (1) with respect to a?, and thus determine the 
peculiarities which occur when c = 0. We have found for 
example when c is not zero, that the locus will consist of 
two parallel straight lines, when 

he — 2crf=r 0, and e' — 4c/* is positive ; 

in like manner, if a be not zero, we can shew that the lo<;nis 
will consist of two parallel straight lines when 

W — 2a€=s0, and rf* — 4a/*is positive. 
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By means of the relation V — 4ac = 0, it is easily shewn that 
the second form of the conditions coincides with the first 
when a and c are both diflFerent from zero. When a = the 
first is the necessary form of the conditions, but we see that 
the second form will then also hold. When c = the second 
is the necessary form, though the first will then also hold. 
Hence we shall include every case by stating that hoik forms 
of the conditions must hold. 

Similarly the conditions under which the locus will consist 
of one straight line, or will be impossible, may be investigated. 

280. We will recapitulate the results of the present chap- 
ter with respect to the locus of the equation 

aa? + hxy -\-c^ + dx + ey +/= 0. 

I. If y — iac be negative, the locus is an ellipse admitting 
of the following varieties : 

(1) c^a, and — = cosine of the angle between the axes ; 
locus a circle, (Art. 104.) 

(2) (e' - 4cj0 (J* - 4ac) --{be- 2cdf positive ; locus im- 
possible. 

(3) {^ - 4c/) (y - 4ac) -{be- 2cdy = ; locus a point. 

II. If V — ^oG be positive the locus is an hyperbola, 
except when 

{J)^-'4tac)f-\-a^-{'Cdl^-bde =« 0, 
and then it consists of two intersecting straight lines. 

in. If b^ — 4ac = the locus is a parabola, except when 
2^ — 20(2=0, and ^— 206 = 0; and then it consists of two 
parallel straight lines, or of one straight line^ or is impossible, 
according as ^ — 4cf and c? — 4af are positive, aero, or 
negative. 



T. C. 8. 

Digitized 



by Google 



242 EXAMPLES OF THE EQUATION OF THE SECOND DEGREE. 

EXAMPLES. 

1. Find the centre of the curve 

a? — 4cxy + iy^ — 2ax + 4ay =0. 

2. Find the centre of the ellipse 



Jy(l_|)+ea,(l-|)=ay. 



3. What is lepreaented hj ca^+ibxy-^-cj^^l, when 
V = ac'i 

4. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the hounding radii of the 
sector remaining fixed. 

5. In the side AB of a triangle ABGy any point P is 
taken, and PQ is drawn perpendicular to AC \ find the 
locus of the point of intersection of the straight lines BQ^ 
CP 

6. DE is any chord parallel to the major axis AA' of 
an ellipse whose centre is C; and AJ), GEy intersect in P; 
shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. 

7. Tangents to two concentric ellipses, the directions of 
whose axes coincide, are drawn from a point P, and the 
chords of contact intersect in C; if the point P always lies 
on a straight line, shew that the locus of Q will be a rect- 
angular hyperbola. 

8. What form does the result in the preceding example 
take when two of the axes whose directions are coincident are 
equal? 

9. Prove that an hyperbola may be described bv the 
intersection of two straight lines which move parallel to 
themselves while the product of their distances from a fixed 
point remains constant. 
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10. Tangents to a parabola include an angle a ; shew that 
the locus of the point of intersection is an nyperbola Tf hose 
excentricity is sec a. 

11. Find the latus rectum of the parabola 

(y — oj)* = ax. 

12. Shew that the product of the semi-axes of the ellipse 
y* — ixy + 5a?* = 2 is 2. 

13. Find the angle between the asymptotes of the hyper- 
bola xt/==ba? + c. 

14. Find the equation to a parabola which touches the 
axis of a; at a distance a, and cuts the axis of y at distances 
)8, ff, from the origin. 

16. If two points be taken in each of two rectangular 
axes, so as to satisfy the condition that a rectangular hyper- 
bola may pass through all the four, shew that the position of 
the hyperbola is indeterminate, and that its centre describes 
a circle which passes through the origin and bisects all the 
lines which join the points two and two. 

16. Two lines of given lengths coincide with and move 
along two fixed axes in such a manner that a circle may 
always be drawn through their extremities ; find the locus of 
the centre of the circle, and shew that it is an equilateral 
hyperbola* 

17. A variable ellipse always touches a given ellipse, and 
has a common focus with it; find the locus of its other focus, 
(1) when the major axis is given, (2) when the minor axis is 
given. 

18. Draw the curve 

y^ - 5a?y + 6a? - 14a? + 5y + 4 = 0. 

19. Draw the curve 

a?+y*-3(aj + y)-ay = 0. 

20. Find the nature and position of the curve 

y*- Saiy + 25a?+ 6cy -42caj + 9(?«0. 
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21. The equation to a conic section being 

aa;* + 2&ajy + cy* = 1, 
shew that the equation to its axes is 

22. The locus of the yertices of all similar triangles whose 
bases are parallel chords of a parabola will in general be 
another parabola ; but if any one of the triangles touch the 
parabola with its sides^ the locus becomes a straight line. 

23. A series of circles pass through a given point 0, have 
their centres in a line OA^ and meet another Ime BC. Let 
M -be the point in which one of the circles meets the line 
OA again, and let N be either of the points in which this 
circle meets BC. From M and N lines are draym parallel to 
BC and OA respectively intersecting in P; shew that the 
locus of P is an hyperbola which becomes a parabola when 
the two lines are at nght angles. 

24. The chord of contact of two tangents to a parabola 
subtends an angle /8 at the vertex ; shew that the locus of 
their point of intersection is an hyperbola whose asymptotes 
are inclined to the axis of the hyperbola at an angle <j^ such that 

tan^=:^tan)3. 

25. Determine the locus of the middle points of the chords 
of the curve 

cw? + 25ay + c3^+2«c + 2j/^+5rs=o, 

which are parallel to the line xsmO — y cos d = ; and hence 
find the position of the principal axes of the curve. 

26. Shew that the equation 

(a?-aT+(y' -«? = «* 
represents two ellipses. 
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CHAPTER XIV. 

MISCELLANEOUS PEOPOSITIONS. 

281.^ We shall give in this chapter some misodlaneous 
proi)ositioii3 for the most part applicable to all the conic 
sections. 

To find the equation to a conic section^ the origin and axes 
being unrestricted in position. 

Let a, J, be the co-ordinates of the focus ; and let the 
equation to the directriz be 

The distance of any point (a;, y) from the focus is 
and the distance of the same point from the directrix is 

Let e be the excentricity of the conic section ; then if (a?, y) 
be a point on the curve we have, hj definition, 

!(«-«)*+ (,-6ni.ii^JJf^ (1); 

...(...f^^,-iy^tMs^^^ (.,. 

We see from (1) that the distance of any point in a conic 
section from the focus can be expressed in terms of the/r«^ 
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powers of the co-ordiirates of that point whatever be the origm 
and axes. This is usually expressed by saying the distance of 
any point from the focus is a linear function of the co-ordinates 
of the point, 

282. It will be seen by examining the equations to the 
conic sections given in the preceding chapters that any conic 
section may be represented by the equation 

y* = mx + no?. 

The origin is a vertex of the curve and the axis of a; an 
axis of the curve ; m is the latus rectum ; in the parabola 
« = ; n is negative in the ellipse and positive in the hyper- 
bola. In the circle m is the diameter of the circle and 
w = -l. 

283. To find the equation to the tangent at any point of a 
curve of the second degree. 

Let the equation to the curve be 

aa^ + bony + c^+dx + ey+f^O (1), 

the axes being oblique or rectangular. 

Let x'y y\ be the co-ordinates of the point, 
a;", y'\ the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 

y-y'^^^{<>=-x') (2). 

Since («', y*) and (as", y") are on the curve, 

ax'* + hey' + cy'* + dx' + ey' +/= 0, 
ax"* + bx"y" + cy"* + dx" + ey" +/= ; 
,-. a ix"* - x-*) + J {x'Y - x'y-) + e {y"* -y") 

+ <?(aj"-a!')+e(y"-y) = 0. 
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or, (a?" - a') {a (a" + x') + hy" + d\ 

+ {f-y'){cW+y') + bx' + e}^0; 

. y"-y' a{x" + x')+by" + d 

"x"-x'~ c{i/" + y') + bx' + e* 

Hence (2) may be written 

,_ a{x" + x')+ly" + d , „ 

Now in the limit x'* = x' and y" = y' ; hence the equation 
to the tangent at the point (a?', y) is 

', 2ax''^by' + df ,. /o\ 

y-y=- 2<y'+Z'+e ('"-^) (^)- 

This equation may be simplified ; we have by reduction 
y (2cy' + bx' + e) + x {2ax' + hf' + d) 

= y (2cy' + bx +e)+x' {2ax' + by' + d) 
= 2 {ax'^' + bxy' + cy'*+ dx' + ey'+f) - dx-ey'-2f; 
.-. y (2cy + fee' + e) + a? (2aa;' + Jy' + 6^) + da;' + ey' + 2/= 0, 

W. 

If /= the curve passes through the origin, and the equa- 
tion to the tangent at that point becomes 

d 
y^--x, 

which we see does not involve the coefficients of a^, ^, or a?y, 
in the equation to the curve. 

284. The equation to the normal at the point {x\ y') when 
the curve is expressed by equation (1) of the preceding article 
and the axes are rectangular, will be 

y — y =^r^-? — j—, — j(a; — a;). 
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285. It may be shewn as in Art. 188, that if from a point 
(A, h) two tangents be drawn to the curve expressed by 
equation (1) of Art. 283, the equation to the chyrd of conr 
tact is 

y (2cA; + bh + e)+x (2ail + hJc + d) '\-dh + ek + 2/= 0. 

286. All chords of a conic section which suhterid a right 
angU at a given point of the curve intersect in the nxyrmdl at 



Take the given point of thie curve as the origin of a system 
of rectangular axes, and let the equation to the curve be 

aa? + Jicy-f c^4-db5 + ^==0 (1). 

The axis of x meets the curve at the points found by 
making ^ =: in the above equation, that is, at the points 

aj = 0, and x^ — . 
a 

Similarly the axis of y meets the curve at the origin and 
JO at the point for wl 
Hence the equation 



also at the point for which y » — - 



a c 

?+? + ^-0 (2)' 

represents the chord joining the points of intersection of the 
axes and curve. 

Also the equation to the normal to the curve at the origin 
is by Art. 284, 

y=|^ (3)- 

Hence (2) and (3) meet in the point whose co-ordinates are 

— d —e 
a^-c^ a-\-c' 
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and whose distance from the origin is therefore 

a + c 

Now change the directions of the axes preserving the same 
origin ; the equation (1) will then become 

a'a;'" + JVy' + c y" + d*x' + ey' = 0. 

Also it appears from Arts. 274 and 275, that 

a' + c' = a + c, and rf'*+e'' = (? + e^ 

Hence the normal at the origin will meet the new chord at 
the same distance from the origin as it met the original chord, 
that is, will meet it in the same point. Since this is true 
whatever be the directions of the axes it follows that all the 
chords intersect in the same point. 

287. By comparing Arts. 154, 204, and 264, we see that 
the polar equation to any conic section, the focus being the 
pole and the initial line the axis, is 

I 
1 + 6 cos ^ ' 

where I = half the latus rectum. 

We shall use this in proving the following proposition. 

The semi'latiLS rectum of any conic section is an harmonic 
mean between the segments made hy the focus of any foc(d chord 
of that conic section* 

Let A'8P^ 0, see fig. to Art. 158 ; 

I 



SP^: 



1 + e cos tf * 

Suppose P8 produced to meet the curve again in P' ; 

I 



SF = 



l + 6C0s(7r + d)' 
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Jl_ _1 l+gco3^ l — ecosO 

which proves the proposition. 

288. The polar equation to the tangent to a conic section, 
the focus being the pole and the initial line the axis, is (Art. 
205) 

- = 6Cos^+.cos(a — ^) (1), 

where a is the angular co-ordinate of the point of contact. 

Similarly the polar equation to the tangent at the point 
whose angular co-ordinate is /3, is 

-=ecos^ + cos08-^) (2). 

At the point where these tangents meet, we have 

cos(a-^) = cos08-^). 
Now we cannot have 

since a and )S are by supposition diflTerent ; we therefore take 

•' ^ 2 * 
Thus the two tangents (1) and (2) meet at the point whose 
angular co-ordinate is —^ — . 

For example, suppose the conic section an ellipse ; let 
and let the tangents at P and (? i^eet at T\ 
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then AST^^-^', 

that 18, the two tangents drawn from any point to an ellipse 
siAtend equal angles at either focus. 

Similarly the two tangents drawn from any point to a para- 
bola subtend equal angles at the focus. 

With respect to the hyjperbola we have to distinguish two 
cases. We have shewn in Art. 231, that from any point 
included between the asymptotes and the curve, two tangents 
can be drawn both meetmg the sams branch of the curve, but 
from any point included within the supplemental angles of 
the asymptotes two tangents can be drawn meeting different 
branches of the curve. 

If now the two tangents from a point meet the same branch 
of an hyperbola, it maybe shewn as in the case of the ellipse, 
that they subtend equal angles at either focus. We will 
consider the case in which the tangents meet different 
branches. 
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Let Thes, point from which tangents 2!P, TQ, are drawn 
to different branches of an hyperbola. 

Let A8P=a; and let the anffle which Q8 produced 
through 8 makes with A8 be fi ; then /8 is an angle greater 
than TT, and A8Q = fi — Tr. 

Thus the equations to TP and TQ will be respectively 
- = e cos ^ + cos (a — d), - = e cos ^ + cos (/8 — 0). 

T T 

At the point T where they meet, we have 
cos(a-d) = cos08-d). 

We may therefore take Q — , that is, we have -^ — 

as the angle which jT/S^ produced makes with ^^8^; thus 



T8P^ir 



A8T=7r- 



a + fi 



T8Q=^^l 



.\ T8P+T8Q = 'n'; 

Digitized by VjOOQ IC 



POLE AND FOLAIL 253 

that is, the angle which one tangent subtends at either focus 
is the Supplement of the 
tends at the same focus. 



is the Supplement of the angle which the other tangent sub- 
at the 



289. We have given in Art. 120 the definitions of a pole 
and polar with respect to a given circle. The same definitions 
are used generally substituting conic section for circle. If then 
the equation to the curve be 

aa? + hxy + cy' + da; + cy +/= 0, 

the equation to iht polar of (a?', y) is (Art. 283) 

X {2ax + hy' -^-d) +y{2cy' + bx + e) -^dx + ey' + 2/= 0. 

290. If one straight line pass through the pole of another 
straight line, the second straight line will pass through the pole 
ofthef/rsi straight line. 

Let {x\ y') be the pole of the first straight line, and 
therefore 

x (2aaj' + Jy + <i) +y (2cy' + bx' + e) + dx' +eyt + 2/= 0...(1) 

is the equation to the first straight line. 

Let {ai\ y") be the pole of the second straight line, and 
therefore 

x {^ax" + V' + ^ + y (2^" + ^" + «) 

+ <i»" + ey''+2/=r0 (2) 

is the equation to the second straight line. 
Since (1) passes through (a?", y") we have 
a?" (2aa?' + iy*-¥d) +/ (2(y' + &a?' + «) + <&' +€y' + 2/= 0, 
that is, 

X (2aaj" + Jy" + ^ +y (2(33^" + bx" + e) + dx" + ey" + 2/= ; 
hence (2) passes through («', y'). 

291. The intersection of two straight lines ia the pole of the 
line which Joins thepojea of iJiose Unes. See Art 122. 

Digitized by VjOOQ IC 



254 



QUADEILATEBAL IN A CONIC SECTION. 



292. If a quadrilateral ABCD be inscribed in a conic 
section^ of the three points E, F, G, each is the pole of the line 
joining the other two. 




Let E be the origin ; EAy EDj the directions of the axes of 
X and y ; and let the equation to the conic section be 



aa? + bxy + ct^ + dx + e7/+ f= . 

Also suppose 

EA^h, EB^h\ 

ED = h, EG=h\ 



.(1). 



The equation to AC ^^ t + 1? = 1 






.(2). 

•(3), 

.(4), 
.(5). 



From (2) and (3) it follows that the equation 

-8+7)+* S4)-^ <«> 

represents some line passing through O. But from (4) and 
(5) it follows that (6) represents some line passing through F. 
Hence (6) must be the equation to FQ^ 
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CONIC SECTION REFEBBED TO TANGENTS AS AXES. 255 

Suppose in (1) that y = ; then we have the quadratic 
and the roots of this equation are h and h' ; hence 



• 


A + 


o' a' 


Similarly, 




1,1 - « 

k'^k'-'T 


Hence (6) 


becomes 


«fo + ey + 2/=0. 



But this, by Art. 289, is the equation to the polar of the 
oripn ; theretore FO is the polar of E, Similarly EO is the 
polar of i^. Hence, by Art. 291, G is the pole ol EF. 

293. To determine the form of the general equation to a 
conic section when the axes are tangents. 

Let aaj* + Ja7y + (y + d!a? + ey+/=0 (1) 

be the equation to the conic section. 

To find where the curve meets the axis of a;, put y = 
in the above equation ; thus 

If the axis of a; is a tangent to the curve it must meet the 
curve in only one point (see Art. 171) ; hence the roots of the 
above quadratic must be equal ; therefore 

d'^^af (2). 

Similarly that the axis of y may be a tangent to (1) we 
must have 

e*=4c/: (3). 
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Substitute the values of a and c from (2) and (3), then (1) 
becomes 

or, {dx + etf + 2/)' + (4*/- 2de) xy = 0, 

(d . « . ,V , 2J/-<fe 
or, (2^«'+2^y + lj+^^^ = 0- 

^"^ 2/~ *' 2/ A' 2/* ~'^' 

thus we obtain for the required eqtiation 

But putting successively x and y = 0, we see that A is the 
distance from the origin to the point where the curve meets 
the axis of Xy and h is the distance from the origin to the 
point where the curve meets the axis of y. 

If it be required to determine a conic section which touches 
two given straight lines in given points, and also passes 
through another given point, we may assume the last written 

S nation to represent it, so that the lines to be touched are 
ten as the axes of x and y ; then by putting the co-ordi- 
nates of the additional given point in the equation we find a 
single value for fi. Thus there is only one conic section 
satisfying the data. 

294. Suppose the equation 

g+|-i)%/^ = o (1) 

to represent a parabola* Then, by Ait. 280, 



(&+>*)*= 



4 



,* = 0, orM=-j5^. 
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PARABOLA REFEBEED TO TANGENTS AS AXES. 267 

If ffc = 0, (1) becoiAes 

this equation represents the straight line joining the points of 
contact of (1) with the axes. 

If ^ = — -- , we have from (1), 

S^l -)'-§••••••• ••■:•• (^'! 

We may write this 

yi+v^f-'-- (')' 

remembering that the radicals may be positive or negative. 
Thus (3) is the equation to a parabola referred to two tan- 
gents as axes. 

295. We may notice the form of the equation to the 
tangent to the parabola 

v/lVl-' '■'• , 

The equation to the secant through {x\ y) and (a?*', y) is 
Since {x\ y') and [x\ y") are on the parabola, we have 
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258^ SIMILAR CURVES^ 

. Va;'Wa;' _ Vy"-Vy '. 
•• VA • ~ V^ ' 

y"-y' _ ^ly"->Jy' -Jy" + -Jy' _ ^h >Jy" + ^/y' 
'^'^ x" -x'~ ^/x" - Va' • 's/x" + Va5' " V* ' Va;" + Va;' ' 

Hence the equation to the secant maj be written 
Hence we have for the equation to the tangent at {x', y') 

y X y' ''' —I 

Similar Curves. 

296. Def, Two curves are said to be similar and similarly 
situated when a radius vector drawn irom some fixed point in 
any direction to the first curve bears a constant ratio to the 
raoius vector drawn firom some fixed point in a parallel di- 
rection to the second curve. 

Two curves are said to be similar when a radius vector 
drawn firom some fixed point in any direction to the first 
curve bears a constant ratia to the radius vector drawn firom 
some fixed point to the second cutve in a direction inclined at 
a constant angle to the former. 

The two fixed points are called centres of similarity. 

297. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number of pairs of centres 
of similarity can be found. 
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For^ suppose 0^ O^ to denote one pair of cenJtrea of simi- 
larUy; ana let OP, OQ, be radii vectores of the first curve, 
and (yPy O'C the corresponding radii vectores of the second 
cutve, so that the angle P0^=3the angle FOQ, and 

OP _ OQ 

OP'' oq- 

Suppose anj point 8 taken and joined to 0; then make 
the angle POS' ^ the angle POS^ the angles being measured 
in the same direction, and take 0*8' so that 

Off gp 

08" OP' 
then iSand 8 shall be- centres of similarity. 

For join 8P, 8Qy 8'P, 8'Q; then the triangles 80P, 
8'ffPj are similar; and so also are the triangles 80 Q, 
8'OQ. Hence it easily follows that 

the angle Q8P=^q8'P; 

, 8P 8Q 

ana 8'P" 8Q" 

and thus the proposition is established, 

298. AU parabolas are similar curves. 

Let 4a bethe latus rectum of a parabola, and 4a' the latus 
.rectum of a second parabola. The polar equations of these 
curves, the foci being the respective poles, are 









2a 


• 


"""l + cos^" 








r' '^' 




l + cosl?" 


Hence, 


if« = 


-ff, 


we have 
r a 



r a 
Thus any two parabolas are similar^ dnd the foci ate centres 
of similiwilyv /- i 
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299. To find the conditions that must hold that the 
curves 

aai" + % + c/ + c&j + «y +/ = (1), 

a'a^+i'iBy + cy + d'aj + ey+/ = (2), 

may be similar and similarly situated* 

Suppose (A, A), [h\ k')y the respective centres of similarity ; 
for X and tf in (1) put 

h+r COS0J andik + rsinff 

respectively; we shall thus obtain a quadratic in r which 
may be written 

I^ + Mr+N^O (3). 

For X and y in (2) put 

h' + r' cos 0y and k' + r* sin 

respectively; we shall thus obtain a quadratic in r' which 
may be written 

iV^ + Jfr' + JV^'^O (4). 

Now that the curves may be similar and similarly situated, 
we must always have / = Xr, where X is some constant quan- 
tity; thus (4) becomes 

ViV + XJrr+j!V^' = (5). 

Since (3) or (5) will give the values of r, these equations 
must be identical; thus 

7?I!^\M'^N W- 

Since neither N nor N* involves ^, we deduce as a neces- 
sary condition that -p must be constant w;hatever may be. 
Put for L and L' their values ; then 

a cos' tf + i sin ^ cos ^ + c sin' ^ ^ ,. 

-7 ay, . ,> . y| TT- — r-^-5-3-= atsonstant = yx say .., (7) ; 

a cos^ + ft smScos^ + c sm'tf ^ "^ ^" 

/. (a-fia) cos'^+(i-/Ai') sin tf cos (9+ (c-/ic') 8m*^s=0* 
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Since this is to be true whatever ^may be, it follows that 

a'-V^c W- 

Hence we have arrived at (8) as necessary conditions, in 
order that (1) and (2) may be similar and similarly situstted. 
We have still to ascertain whether these are sufficient to 
ensure the similarity. The direct method would be to 
examine if A, A, A', k\ cbxi be so chosen as to make (6) hold ; 
but the following method is more simple. The equations (1) 
and (2), by means of (8), may be written 

(la? + hxy + c^+dx + et/ +/= 0, 
oai* + Jiry + c/ + yx (^'a? + a'y +/) = 0. 

I. Suppose &* — 4ac = 0; then each curve is in general 
a parabola, and therefore the curves are similar. This con- 
clusion is subject to the exceptions that may arise when 
either locus instead of a parabola, becomes one or two straight 
lines, or impossible. See Art. 276. 

II. Suppose i' — 4ac not = 0. We may then by chan^ng 
the origin of co-ordinates for each curve reduce the equations 
to the form 

aa^ + bxy + cf-hf.^O, 

By expressing these equations in polar co-ordinates, they 
give 

a cos' ^ + 6 sin ^cos^ + csin*^ ' 

acos'^-f- b sin tf'cos ^ + c sin'5' * 

Thus, if O^ff.wG have -7 = constant. Hence the curves 

are in general similar and similarly situated. This conclu- 
sion is subject to the exceptions that may arise when either 
locus instead of a curve becomes two straight lines, or a point, 
or impossible. 
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300. Next, snjjpose we require the curves (1) imd (2) of 
Art. 299 to b^ similar tmthotit the limitation of being similarly 
situated. For -x and y in .(1) we pot respectively 

A + rcos^, A-frsin^. 

For X aud y in (2) we put respectively 

A' + r'cos(« + a), A' + r Bin(tf + a), 

where a is some constant angle at present undetermined. 
Proceed as in the preceding article ; instead of equation (7) 
we shall now have 

a cos* ^ + & sin ^ cos 19 + c sin* 6 
a cos" (^ + a) + 6' sin (5 + a) cos (^ + a) +tf'8in*(d-f «) 

s= a constant =» yx say. 
This may he written 

acos*d+ Jsini9cos^ + csin'^ _ 
^cos^tf + jBsin^cos^+C'sm*^"^' 
where 

A^a cos* a + c' sin* a + i' sin a cos «, 
5 = 2 (c' — a*) sin a cos a + &' (cos* a — sin' a) , 
G^d sin' a + c' cos* a — J' sin a cos a. 
That the curves rtiay be similar we must have 

a 6. c ' 
Hence each of these ratios must equal ; 

•• J' ~ (a + c)" 
And ^-^=i^*; 
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AC ac 

''• {A+Cy~{a+cY- 

B'-iAG h*-4ac 



{A+cy~{a+cy' 

But ^ + C=o' + c', and 

£*-iAC^h'*- ia'c', (Art. 274) ; 
b'*-4a'e ' h*-4ao 

This relation must therefoce hold, in order that the jgiven 
cmres raaj be similar. 

EXAMPLES. 

1. Straight lines are drawn through a fixed point ; shew 
that the locus of the middle points ^f the portions of them 
intercepted between two fixed straight lines is an hyperbola 
whose asymptotes are parallel to those fixed lines. 

2. Through any point P of an ellipse QPQ^ h drawn 
parallel to the a^is major, and FQ and FQ each made equal 
to the focal distance 8F, find the loci of Q and Q\ 

3. In the given right lines -4P, A Q, are taken variable 
points jp, q, such that Ap : pF :: Qq : qA; prove that the 
locus of the point of intersection of Fq, Qp, is an ellipse which 
touches the given right lines in the points, P, Q. 

4. rP, TQ, are two tangents to a parabola, P, Q, being 
the points of contact ; a third tangent cuts these in p, j, 
respectively ; shew that 

TF^TQ'^'^' 

5. TF, TQ, are eqtud tangents to a parabola, P, Q, beinff 
the points of contact; if FT, QT, he Doth cut by a third 
tangent, prove that their alternate segments will be equaL 
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6. From a point are drawn two lines to touch a para- 
"bola in the points P and Q ; another line touches the parabola 
in jB and intersects OP, OQ, ii^ S and T; if F be the inter- 
section of the lines joining FT, QS, crosswise, 0, B, F, are 
in the same straight line. 

7. From an external point two tangents are drawn to an 
ellipse; shew that an ellipse similar ^nd similarly situated 
will pass through the external point, the points of contact, 
and the centre of the given ellipse. 

8. A and B are two similar, similarly situated, and con- 
centric ellipses; (7 is a third ellipse similar to -4 and\B, its 
centre being on the circumference of B, and axes parallel to 
those of A or B; shew that the chord of intersection of A and 
C is parallel to the tangent to £ at the centre of C. 

9. The line joining any point with the intersection of the 
polar of that point with a directrix subtends a right angl^ at 
the corresponding focus, 

10. If normals be drawn to an ellipse from a given point, 
the points where they cut the curve will lie on a rectangular 
hyperbola which passes through the given point and has its 
asymptotes parallel to the axes of the ellipse. 

11. If CM, MP, are the abscissa and ordinate of any point 
P in a circle, and MQ is taken equal to MP and inclined to 
it at a constant angle, the locus of the point Q is an ellipse. 

12. Having given the equation to a conic section 

aa? + 2Ja3r + /+/=0, 

find the locus of the intersection of normals drawn at the 
extremities of each pair of ordinates to the same abscissa. 

13. Any two points P, Q, are taken in two fixed lines 
in one plane such that the line PQ is always parallel to a 
given line ; P, ^, are severally joined with two fixed points 
H, B; find the locus of the intersection of Pff, QB. 
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14. The tangent at any point jP of a circle meets the tan- 
gent at a fixed point A in T, and T is joined -with B the 
extremity of the diameter passing through A ; shew that the 
locus of the point of.intersection of AP^ BTy is an ellipse. 

15. The polar equation to a conic section from the focus 
being 

— c cos ^ =5 J, 
r 

fehew that the equation to a straight line which cuts it at the 
points for which O^a and /8 respectively, is 

1 /I X //) a + )8^ a-)8 
■ — c cos r = 6 cos d T~ sec ' . 



r 



{»-H^' 



16. Chords are drawn in a conic section so as to subtend 
« constant angle at the focus ; prove that the locus of the foot 
of the perpendicular dropped from the focus upon the chord 
is a circle, except in a particular case when it becomes a 
straight line. 

17. If 8P, 8Q, be focal distances of a conic section in- ' 
eluding a constant angle ; shew that PQ touches a confocal 
conic. 

18. Having given two fixed points through which a conic 
section is to pass, and the directrix, find the locus of the 
corresponding focus. 

19. The focus and directrix of an ellipse are given; 
through the former a line is drawn making with the latter 
an angle whose sine is the excentricity of the ellipse. Find 
the locus of the points where this line meets the curve, the 
excentricity being variable. 

20. A series of conic sections is described having a com- 
mon focus and directrix, and in each curve a point is taken 
whose distance from the focus varies inversely as the latus 
rectum ; find the locua of these points. 
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21. Two conic sections have a common focns ^9 through 
which any radius vector is drawn meeting the curves in P, Q^ 
respectively. Prove that the locas of the point of intansection 
of the tangents at P, Q, is a straight line. 

Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these lines are inversely pro- 
portional to the corresponding excentricities* 

22. A line is drawn cutting an ellipse in the pointd P, p ; 
let Q be either of the points in whidb the same line meets a 
similar, similarly situated, and concentric ellipse; shew that if 
the line moves parallel to itself, PQ . Qp is constant. 

23. In two straight lines OX, OY, which intersect in 0, 
take OA r= a, OB = h ; shew that the centres of all the conic 
sections which touch the lines in A and B lie on the straight 
line 

24. About two equal ellipses whose centres coincide, and 
whose major axes are inclined to each other at a given angle 
an ellipse is circumscribed; if A and B be the semi-axes of 
the circumscribing ellipse, a and h the semi-axes of the equal 
ellipses, and 2a the inclination of their major axes, then will 

aW + ^'P*= [A^V-^B^a") co^a-\'{AW + BV) sin^ou 

Hence shew that about the two equal ellipses a similar 
ellipse may be circumscribed. 

25. Two similar ellipses have a common centre and touch 
each other ; if n be the ratio of their linear magnitudes, tn 
the ratio of the major to the minor axis in either, and a the 
inclination of their major axes, prqve that 



8ma = 
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26. Two tangents (a, i) to a paraboln nrtcrgect in Pat an 
angle «>, and a circle is described between these tangents and 
the cnrve ; shew that the distance of its centre from Pis 

ab 



(a + J) sec I + 2 V(aJ) tan ^ 



27. If two chords at right angles be drawn through a 
fixed point to meet a cnrve of Uie second d^ree, shew that 

^ + -^ 
Br Er' 

is constant, where It and r are the segments of (Hie chord made 
by the fixed point, and R and r' those of the other. 

28. The equation to the locus of the foci of all parabolas 
whose chords of contact with axes inclined at an angle a cut 
off a triangle of constant area is 

r = A; V {sin d sin (a — ^)}. 

29. A parabola slides between two rectangular axes, find 
the curre traced out by the focus. 

30. A parabola slides between two rectangular axes, find 
the curve traced out by the vertex. 

31. Successive circles are drawn each touching the preced- 
ing one externally and each having double contact with a 
given parabola; shew that their radii form an arithmetical 
progression whose common difference is the latus rectum. 

32. A system of ellipses is represented by the equation in 
rectangular co-ordinates 

oaj* + 2cajy + Jy' = w (a + &), 

where o, J, c, are variable and n constant ; shew that every 
parallelogram constructed on a pair of perpendicular diameters 
as diagonals will circumscribe a certain fixed circle. 
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33. If from any point in the tangent to a conic section a 
perpendicular be dropped npon the line joining the focus and 
the point of contact, prove that the distance of the point in 
the tangent from the oirectrix is to the distance of the foot of 
the perpendicular from the focus as 1 : e, 

34. Upon a given straight line as latus rectum, let any 
number of conic sections be drawn, and from the focus let 
two straight lines be drawn intersecting them all ; then the 
chords of all the intercepted arcs wUl, if produced, pass 
through a single point. 

35. A line of constant lenffth moves so that its ends 
always lie on two given lines; find the locus traced out by 
a point in the line which divides it in a given ratip. 

36. In any conic section if r and r' be focal distances at 
right angles to each other, and I be half the latus rectum, 
then 



G"7) + (?-7)'''^'''*^*- 



37. Two conic sections equal in every respect are placed 
with their axes at right angles and with a common focus S; 
SPy 8Qy being radii vectores of the one and the other at right 
angles to each other, find the locus of the intersection of the 
tangents at P and Q. 

Also find the locus when SPQ is a straight line. 

38. S and Hbtg the foci of an ellipse, and round 8, -ET, as 
focus and centre, another ellipse is described, having its minor 
nxis equal to the latus rectum of the former. Through any 
point P in the first. draw SPQ to meet the second; it is re- 
quired to find the locus of the intersection of HP and the 
ordinate QM. 

39. A and B are the centres of two equal circles ; AP, 
BQ, radii of these circles at right angles. If Aff= 2AP^, 
the line PQ always passes through one of the points of inter- 
section of the circles. 

Digitized by VjOOQ IC 



MISCELLANEOUS EXAMPLES, 269 

40*. Tangents are drawn to a conic section at the points P, 
B; another tangent is drawn at an intermediate point Q, and 
meets the other tangents in My N; shew that the angle MSN 
is half the angle FoB, 8 being a focus. 

41. In a parabola the angle between any two tangents is 
half the angle subtended at the focus by the chord of contact. 

42. A triangle is formed by the intersections of three 
tangents to a parabola; shew that the circle which circum- 
scribes this triangle passes through the focus. 

43. Given a focus and two tangents to a conic section, 
shew that the chord of contact passes through a fixed point. 

44. A circle is described upon the minor axis of an ellipse 
as diameter ; find the locus of the pole with respect to the 
ellipse of a tangent to the circle. 

45. In a parabola two focal chords PSp, QSq, are drawn ; 
shew that a focal chord parallel to FQ will meet jpj produced 
on the tangent at the vertex. 

46. If from the vertex of a parabola a pair of chords be, 
drawn at right angles to each otner, and on them a rectangle 
be completed, prove that the locus of the further angle is an- 
other parabola. 

47. From a point F in the circumference of an ellipse 
chords FQ, FB are drawn at right angles ; express the co- 
ordinates of the point of intersection of QB with the normal 
at F in terms of the co-ordinates of P. Shew that as P moves 
along the ellipse this point of intersection will describe the 
ellipse 

48. Shew that the locus of the centre of an equilateral 
hyperbola described about a given equilateral triangle is the 
circle inscribed in the triangle. 
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49. Two ec^ual parabolas have the same axis and Yertex 
but are turned in opposite directions ;. chords of one parabola 
are tangents to the other ; shew that the locus of the middle 
points of the chords is a parabola whose latus rectunt is one* 
third of that of the given parabola. 

50. The co-ordinates of the focus of the parabola whose 
equation when referred to two tangents inclined at an angle 

« is ./f^) + ./f|)«l, are 



and 



a* + i' + 2ai cos (6- a'' + V + 2ab cos (o * 

.51. If 03:^+263?^ + cj|]* + 2a'a; + 2c'3^ + rf«=0 be the equa- 
tion to a parabola, the axis of the parabola will be given bj 
the equation 

: 52. Two equal parabolas have the same focus and their 
fixes are at right angles to each other, and a normal to one of 
them is perpendicular to a noriQal to the other ; prove that 
the locus of the intersection of such normals is a parabola. 

53. Find the locus of the intersection of two normals in an 
ellipse which are at right angles. 
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CHAPTER XV. 

ABRIDGED NOTATION. 

301. Through five poinU^ no three of which are in. one 
straight line, one conic section and only one can be dravm. 

Let the axis of x pass through two of the five points, and 
the axis of y through two of the remaining three points. Let 
the distances of the first two points from the origin be h^, h^y 
respectively, and those of the second two points Ajj, A^, re- 
spectively ; also let A, k, be the co-ordinates of the remaining 
point. Suppose, (Art. 269), 

au^ + bxy + et^-^dx-hey + l^O (1), 

to be the equation to a conic seetion passing through the five 
points. Since the curve passes through the points (A^, 0),. 
(*2> 0), we have from (1) 

ah^^+dh^ + 1^0 (2), 

oV+^*t+l = (3). 

Similarly, since the curve passes through (0, A; J, (0, ^J, 
we have 

cV + cij+l = (4),. 

ck; + ek^+l=^0 (5). 

Jiastly,. since the curve passes through (A, A;), we have 

ah* + lhk+ cS» + da + dfc + 1 «(>. .......(6). 

From (2) and (3) we find 

^«-L d^ >! + *, 
AjA, hjh^ 
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From (4) and (5) we find 

1 Jc. + k, 

then from (6) we can determine the value of i. Since no 
three of the five given points are in the same straight line, 
none of the quantities A^, Ag, Aj^, A,, A, k, can be zero; hence 
the values of the coefficients a, h, c, dy e, are all finite. If 
we substitute these values in (1), we obtain the equation to a 
conic section passing through the five given points. As each 
of the quantities a, &, c, d, e, has only one value, only one 
conic section can be made to pass tlurough the five given 
points. 

302. The investigation of the preceding article may still 
be applied when three of the given points are in one straight 
line ; the point (A, k) for instance may be supposed to lie on 
the line joining (0, k^ and (A , 0) ; the conic section in this 
case cannot be an ellipse, parabola, or hyperbola, since these 
curves cannot be cut by a straight line in more than two 
points ; th^ CQiiiic section must therefore reduce to two straight 
lines, namely the line joining the three points already spe- 
cified, and the line joining the other two points. If, however, 
four of the given points are in one straight line, the method 
of the preceding article is inapplicable; it is obvious that 
more than one pair of straight Imes can tiien be made to pass 
through the fiv6 points. 

^ 303. We shall now give some useful forms of the equa- 
tions to conic sections passing through the angular points of a 
triangle or touching its sides. 

Let tt = 0, t; = 0, «? = 0, be the equations to three straight 
lines which meet and form a triangle ; the equation 

Ivw-^mnm + nuv^iO •••(!)» 

where I, m^ Uy are constants, will represent a conic section 
described round the triangle ; alsp by giving suitable values 
to I, m, n, the above equation may be made to represent any 
conic section described roimd the triangle. This we proceed 
to prove. ^ ' 
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I. The equation (1) is of the second degree in the variables 
X andy, which enter into the expressions w, Vy w\ hence (1) 
must represent a conic section. 

II. The equation (1) is satisfied by the values of x and 
y, which make simultaneously t? = 0, tu = ; the conic sectioin 
therefore passes through the intersection of the lines repre- 
sented by t? = and w = 0. Similarly the conic section passes 
through the intersection of w = and w = 0, and also through 
the intersection of t* = and v = 0. Hence the conic section 
represented by (1) is described round the triangle formed 
by the intersection of the lines represented by w = 0, v = 0, 

tt7 = 0. 

III. By giving suitable values to Z, wi, w, the equation 
(1) will represent any conic section described round the tri- 
angle. For let 8 denote a given conic section described round 
the triangle; take two points on 8\ suppose h^,\^ the co-ordi- 
nates of one of these points, and h^, k^, those of the other. If 
we first substitute h^ and Jc^ for x and y respectively in (1), and 
then substitute h^ and k^, we have two equations firom which we 

can find the values of -j and j; suppose -j^-P *^^ T^?- 

Substitute these values in (1), which becomes 

vw + piou + quv = .....(2); 

this is therefore the equation to a conic section which has 
Jive points in common with S, namely, the three angular 
points of the triangle and the points (A^, k^), (A,, k^. The 
conic section (2) must therefore coincide with 8 by Art. 301. 
Hence the assertion is proved. 

We might replace one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 
written 

U V w 

304. Equation (1) of the preceding article may be written 

w {Iv + mu) +nuv^O (I); 

T. 0. S. /18 T 
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we will now determine where (1) meets the straight line 
represented bj 

lv + mu = ,(2). 

By combining (2) with (1) we deduce nwv = 0; therefore 
either w = 0, or i; = ; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold; hence the line (2) meets the curve (1) 
in only one point, namely, the point of intersection of i* = 
and v = 0. 

Hence (2) is the tangent to (1) at this point. Similarly 
mw + /It? = is the tangent to (1) at the point of intersection of 
w = and v = 0, and nu + lw = OiA the tangent at the point 
of intersection of i* = and w = 0. 

305. The demonstration of the preceding article is imper- 
fect, because we know from Arts. 132, 222, that a line parallel 
to the axis of a parabola or to either asymptote of an hyper- 
bola meets the curve in only one point, but is not the tangent 
at that point. The proposition may however be established 
in the following manner. Take the axis of x coincident with 
the line w = 0, so that u becomes qy, where q is some con- 
stant ; also take the axis of y coincident with the line v = 0, 
so that V becomes px, where p is some constant. Suppose 
w = Ax +By+G. Then (1) ' of the preceding article be- 
comes 

{Ax + Bi/+ G) (Jpx + mqy) + npqxy = 0. 

By Art. 283 the equation to the tangent at the origin, that 
is, at the intersection of a? = and y = 0, is Ipx + mqy = 0, or 
Iv + mu = ; which was to be proved. 

306. Let each of the three tangents in Art. 304 be pro- 
duced to meet the opposite side of the triangle formed by the 
lines w = 0, v = 0, w = 0\ then it may be shewn that the 
three points of intersection lie on the straight line 

^ + ^ + ^ = 0. 
L m n 

The lines joining the angular points of the triangle formed 
by the tangents with the angtdar points of the original 
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triangle respectively opposite to them, are represented by the 
equations 

~ — — = i^-- = o --- = 0* 
I m ^ m n'' ^ n I ' 

these three lines meet in a point. Thus when a triangle is 
inscribed in a conic section the lines joining each point with 
the pole of the opposite side meet in a point. 

307. Let tt =s 0, t? = 0, t(? = 0, be the equations to three 
straight lines, then the equation 

Au^ + Bv^ -f Ottj' + 2A'vw + 2B'wu + 2 C'uv = 

will generally represent any assigned conic section, if the 
constants -4, jB, G, A'y B^ G\ are properly determined. 

For suppose we divide the equation by one of the constants 
as G\ there are then five independent constants left. Now 
let 8 denote any assigned conic section ; take five points in 8 
and substitute the co-ordinates of the five points successively 
in the above equation ; we shall thus have five equations for 
determining the five constants. Suppose a, J, c, a', J', these 
values, then the equation 

(Xkjf + ftw' + ctt?' + lid'ow -f ^Vvou + 2 wt? = 

represents a conic section which has five points in common 
with 8^ and which therefore coincides with 8, (Art. 301.) 

308. The method of the preceding article, although import- 
ant and instructive, is not satisfactory, because we have not 
proved that the five equations fi-om which the constants are to 
be determined are conmstenJt and indepeindmt. There may be 
exceptions to the theorem, and we therefore use the word 
generdlly in the enunciation. If the three straight lines meet 
in a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned conic section. If the three straight 
lines are parallel, w, v, w, take the forms 

Ix + my -f c, Ix-h my + c', lx + my + c", 

and the equation takes the form 

n{lx + myY + \{lx + my) +7 = 0, 
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which represents two parallel straight lines, and thus will not 
represent ant/ assigned conic section. With these exceptions, 
however, the theorem is nniversally true, as we shall now 
shew by another demonstration. 

Since the lines are not all parallel two of them at least will 
meet ; suppose w = and v = to be these two, and take their 
directions for the axes of y and x respectively ; then m = 
becomes a? = 0, and i; = becomes y = ; also w = may be 
written ir-f wy + n = 0. We have then to shew that the 
equation 

+ 2jB'a5(Za? + wy + n)-f 2O'iry = (1) 

will represent any assigned conic section by properly deter- 
mining the constants -4, j5, &c. Suppose 

aaj* + 2Jajy + c/ + 2dic4-2ey+/=0 (2) 

to be the equation to the assigned conic section. Arrange the 
terms in (1) and equate the coefficients of the corresponding 
terms in (1) and (2) ; thus 

(7w"=/ A'n+Cmn = e, B'n + Cln^d, 

jB-f Cm* + 2A'm = c, A + CP+2B'l=:a, 

am + A'l+B'm + G' = h. 

These equations determine successively (7, A\ B\ B, A, C 
As the given lines do not meet in a point n is not zero ; hence 
the values found for C, A\ &c. are all finite and determinate. 
Thus (1) coincides with (2), and the required theorem is 
proved. 

309. To eoopress the equation to a conic section which touches 
the sides of a triangle. 

Let w = 0, V = 0, ti? = 0, be the equations to the sides of a 
triangle ; then any conic section may be represented by the 
equation 

^tt» + jBy» + Ci(?' + 2u4W + 25W + 2(7W==0 (1). 
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To find where this conic section meets the line tt = 0, we must 
put u = 0; thus (1) becomes 

5t?' + Cui" + 2A'vw = (2). 

Now from (2) we obtain by solution two values of - , say 

— =fjL^, and ^^fi^. The equation v = fi^w represents some 

straight line passing through the intersection of v = 0, and 
t^ = 0. Hence since (1) is satisfied by those values of x and 
y which make simultaneously i* = and v — fi^w = 0, the inter- 
section of the lines u = and t? — /Aj«?=:0 is a point on (1). 
Similarly the intersection of w = and v — fi^w = is a point 
on (1). Hence the line t« = will meet (1) in two points, and 
therefore will not be a tangent to it, unless the lines 

v — /Ajtt? = 0, and t? — /*jtr = 0, 

coincide. Hence that t« = may touch (1) we must have 
Mi = M»> and therefore A'^^BC. 

Similarly that v = may touch (1) we must have JS" = GA ; 
and that w = may touch (1) we must have (7'* = AB. From 
these three relations we see that A, J?, and C must have the 
same sign, because the product of each two is positive. Also 
the sign of A, By and G may be supposed positive, because 
if each of them were negative we could change the sign of 
every term in (1), and thus make the coefficients of u^, v', 
and w^ positive. We may therefore put 

A^P, B^m\ (7 = n»; 
thus 

A^±mn, B'^±nl, G'=±lm. 

Hence (1) becomes 

ZV + wV + wW + 2mnvw ± 2nlwu ± 2lmuv = (3). 

We shall now examine the ambiguity of signs that appears 
in this expression. 

I. Suppose all the upper signs to be taken. The equation 
may then be written 

{lu-{-mv + nwy^O. 
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This is the equation to a straight line, or rather to two 
coincident straight lines. 

n. Suppose the lower sign to be taken twice and the 
upper sign once ; we have then three cases 

{lu+mv — nwy=^Oy or (Zw — wv -f ww?)* = 0, 

or (— Zw + mv H- WW?)' = 0. 

Each equation represents two coincident straight lines. 

m. Since then the forms in I. and 11. represent straight 
lines, we see by excluding these cases from (3), that if a curve 
of the second degree touch the straight lines 

w = 0, t? = 0, w = 0, 

its equation must take one of the forms 

ZV + wiV + «W — 2mnvw — 2nlwu — 2lmuv = . .• (4), 
ZV + mV + wW — 2mnvw + 2nlvm + 2hnuv = . .. (5), 
ZV + mV + wW + 2mnvw — 2nliou + 2lmuv = ... (6), 
ZV + mV + ri?vf + 2mnvto + 2nlwu — 2lmuv = ... (7). 

These four forms may also be written 

^{lu)+ ^{mv) + V(wM?) =0 (8) from (4), 

V(~M+ V(wt;) + ^/{nw) =0 (9) ... (5), 

VW+V(~wt?)+ ^/{nw) =0 (10) ... (6), 

VW+ V(wv) +V(-««<?)==0 (11) ... (7), 

which maj be verified by transposing and squaring, so as to 
put the equations in a rational form. 

310. It is easy to verify the proposition that the curve 
represented by the equation 

^/{J'U) -f V(«*v) + islinw) = 

cannot cut the lines w = 0, v = 0, ir = 0. Eor suppose the 
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above equation satisfied "by the co-ordinates of a point ; then 
these co-ordinates must make lu, mv, and nw, aU positivey or 
aJl negative. Suppose lu is positive ; then for any point on 
the other side of m = 0, the expression lu becomes negative, 
and thus the co-ordinates of such a point will not satis^ the 
equation unless both mv and nw are also negative. But if the 
curve cuts the line w = there will be points on both sides of 
w = lying on the curve, and it will be possible to change 
the sign .of w without changing the signs of v and w. Hence 
the curve cannot cut the line t« = 0. Similarly it cannot cut 
the lines t? = 0, t(? = 0. 

The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), and (11), of the preceding artiple 
cannot cut tne lines w = 0, v = 0, w? = 0. 

311. The forms in equations (5), (6), and (7) of -Ajrt..309 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) mav be derived from (4) 
by changing the sign of h In the following article we shall 
use (4) as the equation to a conic section touching the sides 
of a triangle ; it will be found that we might have used (5), (6), 
or (7). We shall see in a subsequent article, a case in which 
it is necessary to distinguish the forms. See Arts. 314, 315. 

312. Equation (4) of Art. 309, may be written, 

{lu — mvY + nw {nw — 2mv — 2lu) = (1). 

If we combine this with t(? = 0, we deduce that 

lu-mv^O (2); 

hence we can interpret the last equation ; it represents a line 
passing through the intersection of w = and v = 0, and also 
throu^ the point where the line «? = meets the curve (1). 
It may be shewn as in Art. 304, that 

nw - 2mv - 2?w = (3) 

represents the tangent to (1) at the other point where (2) 
meets it. r^ \ 
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Similarly we can interpret 

mv—nw^O (4), 

Zw — 2nwj — 2mv = (5), 

ntr — Ztt=:0 (6), 

mv — 2lu — 2nw = (?)• 

The intersection of (3) with w = 0, of (5) with w = 0, and 
of (7) with v = will lie on the line 

lu -f WM?' + nw = 0. 

The line lu + mv^^O passes through the intersection of 
u = and i; = 0, and also through the intersection of (3) 
and t^ = ; hence its position is known. 

Similarly mv-hniv^ 0, and nw -hlu^ 0, can be inter- 
preted. 

313. To find the equation to the circle described round a 
triangle. 

It will be convenient in this and the two following articles 
to use the form 

a? cosa + y sina— ^ = 

as the type of the equation to a straight line ; we shall there- 
fore put a, ^, 7, for u, v, w, respectively, (Art. 73). 

Let a=0, /8 = 0, 7 = 0, be the equations to the sides of 
a triangle ; then, by Art. 303, 

Z^7 + «n7a + wa/8 = (1), 

will represent any conic section described round the triangle ; 
hence by giving proper values to I, m, n, this equation may 
be made to represent the circle which we know by geometry 
can be desQribed round the triangle. We might proceed 
thus: in (1) write for a, /8, 7, the expressions whicn they 
represent, then equate the coefficient of ay to zero, and the 
coefficient of a^ to that of y*; we shall thus have two equa- 
tions for determining j and j; and with the values thus 
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obtained (1) will represent the required circle. We leave 
this as an exercise for the student, and adopt another method. 
The equation to the tangent to (1) at the intersection of 
a = 0, and ^ = 0, is, by Art. 304, 

Z/8 + ma = (2). 

Let Ay B, C, denote the angles of the triangle opposite the 
sides a = 0, ^==0, 7 = 0, respectively; by Euclid iii. 32, 
the tangent denoted by (2) must make an angle A with the 
line a = 0, and an angle B with the line ^ = 0. Suppose the 
origin of co-ordinates within the triangle, then the equation 
to the line passing through the intersection of a = and 
/8 = 0, and making angles A and B respectively with these 
lines is 

asin5-f /3sinu4 = (3). - 

Thus (2) must coincide with (3) ; therefore 

Z _ sin ^ 
m "" sin -B * 

^. ., , m sinJ9 

Similarly, n = ^lJ' 

Thus the equation to the circle described round the tri- 
angle is 

^7 sin A H- 7a sin 5-f a^ sin (7= 0. 

314. To Jind the equation to the circle inscribed in a 
triangle. 

Suppose the origin of co-ordinates within the triangle ; then 
for all points on the circle a, )8, 7, are neaative quantities, 
(see Art. 54). Now the equation to the circle must be of one 
of the forms (8), (9), (10), (11) given in Art. 309 ; the first is 
the only form applicable, namely, 

V(fe) + V(^/8) + ^/{ny) =0 (1), 

which is equivalent to 

V(- la) + V(-: w/3) + V(-:n7) =0 (2). 
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The other forms are inapplicable, because they would 
introduce impossible expressions. We have then to deter- 
mine the values of Z, m, and n. If we put a = in (1), we 

obtain ~ = — ; thus, — is the ratio of the perpendiculars drawn 

to the sides /9 = 0, 7 = 0, respectively, from the point where 
the circle meets the line a = 0. Let r be the radius of the 
circle ; then we know from geometry that the perpendicular 
from this point on /8 = is 

G G 

r cot — sin G or 2r cos* — ; 

a similar expression holds for the perpendicular on 7 = 0. 
Hence 

cos' — 
n 2 



Similarly, 



cos«- 



cos'- 



Hence the required equation is 

cos jVa + cos-V/8 + co8-V7='0. 

315. To find the equcUian to the circle which towAea one 
aide of a triangle and me other two eidea produced. 

Let the circle be required to touch the side opposite to 
the angle A and the . other two sides produced. Suppose 
the origin within the triangle ; then for all points comprised 
between the side a = and the other sides produced, a is 
positive and /8 and 7 are negative. Hence by Art. 309, the 
form of the equation to the circle must be 

V(-Za)+V(w^)+V(w7)=0. 
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Hence, as "before, by considering the point where the circle 
meets the line a = 0, we have 

« TT— G . « G 

^ C08^ 8,n- 

tn, g IT B . g H 

cos — - — sm* — 



and —= A = /y . 

n g TT — G . 2 G 

cos'-^— Bin- 

Hence the required equation is 

A B G 

cos — V(- a) + sin -^s/P-^ sin "g V7 = ^• 

Similarly the equations to the other two circles may be 
written down. 

316. The results in Arts. 306 and 312 which hold for 
any conic section, will of course hold for a circle inscribed in, 
or described about, a triangle respectively. We have only to 
use the values of I, m, w, found in Arts. 313 — 315. 

317. Let there be any quadrilateral, and let its sides be 
represented by the equations 

e=sO, w = 0, t? = 0, M? = 0, 

then the equation tu + Tevw = 0, 

where i is a constant, represents a conic section circumscribing 
the ^quadrilateral. For the equation represents a conic section 
passing through the four points determined respectively by 

« = and v=0, < = and m? = 0, 

w = Oandi; = 0, tt = Oandt^ = 0. 

Also by giving a suitable value to h^ the equation mav be 
made to represent any conic section passing through tnese 
four points. 
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The above equation has the following geometrical inter- 
pretation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears a constant ratio 
to the product of the perpendiculars on the other two sides. 

318. We shall next consider the equation 

uv + ha? = 0. 

This represents a conic section which passes through the point 
determined by w = and t<? = 0, and also through the point 
determined by v = and w = 0. Also each of the lines w = 
and t7 = touches the conic section where it meets it; for if 
we combine w = with the above equation we see that w — 
also, that is, the line w = meets the curve in only one point, 
namely, that point in Which w =0 and ir = intersect. Simi- 
larly the line v=0 touches the curve. Thus w = and v = 
represent two tangents to the conic section, and w^O repre- 
sents the corresponding chord of contact. 

We may also shew in the following way that the line w = 
cannot cut the curve ; for points on one side of the line w ==0, 
the expression u is positive, and for points on the other, side 
of the line, negative ; but kti? is of invariable sign ; thus w = 
cannot cut the curve. 

The geometrical interpretation of the above equation is as 
follows. The product or the perpendiculars from any point of 
a conic section on a pair of tangents bears a constant ratio to 
the square of the perpendicular from the )same point on the 
chord of contact. 

319. Next take the equation 

This may be written 

{nw + mv) {nw — mv) = ZV. 
Hence by the preceding article 

n«^ + wit? = and nt^ — wii? = 0, 

Digitized by VjOOQ IC 



EQUATION TO A CONIC SECTION. 285 

^e tangents to the conic section represented by the equation, 
and w = is the equation to the corresponding chord of con- 
tact. Since these two tangents meet in the point of intersec- 
tion oi v = and w = Oj it follows that this point is the pole 
of w = 0. 

Similarly we may write the equation in the form 

{nw + lu) {nw — lu) = mV, 

and infer that the point of intersection of u = and le? = is 
the pole of t? = 0. 

Hence it follows that the point of intersection of w = and 
V = is the pole of «? = 0. See Art. 291. 

320. The following is a particular case of the preceding 
article, 

a» + ^ = wV. (See Art. 73.) 

Suppose the lines a=0, ^8 = 0, at right angles; then a' + )8* 
is the square of the distance of the point (a?, y) from the inter- 
section of a = 0, and )8 = 0. Hence the above equation repre- 
sents a conic section which has*7 = for its directrix, and the 
intersection of a = and /8 = for its focus. The lines 

n7 — a =s and W7 + a = 0, 

are tangents to the conic section touching it at the extremities 
of the focal chord /3 = ; also these tangents meet in the line 
7 = 0; hence, the tangents at the extremities of any focal chord 
meet in the corresponding directrix. Also the above tangents 
meet on the line a = 0, which by supposition is perpendicular 
to /8=0 ; hence, the line which joins the focus to the intersection 
of tangents at the extremities of a focal chord is perpendicular 
to that focal chord. 

321. If t« = and v = be the equations to two conic 
sections which meet in four points, then u + kv = will repre- 
sent any conic section which passes through the four points of 
intersection. This will be obvious after the proofs given of 
similar propositions. 
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Also if t/7 = and tr' = 0, be the equations to two straight 
lines, u + Tevow = will represent any conic section passing 
through the four points in which the lines «(? = and t(?' = 
meet the conic section t£ = 0. 

Also w + Atr'=0 will represent a conic section passing 
through the points of intersection of the conic section w = 0, 
and the line le? = 0. This conic section will have the same 
tangent as w = at the points where w = and t£? = inter- 
sect; we might anticipate this would be the case from ob- 
serving the interpretation of the eqtiation u + Tcwvi = 0, and 
supposing the line w'=0 to approach the line t^ = 0, and 
ultimately to coincide with it. We may prove it strictly 
by taking one of the points where w =0 meets «? = for the 
origin, and the line w? = for the axis of x\ thus u becomes 
of the form 

and we can see, by Art. 283, that 

and u4a:^ + 5ccy+Cy* + i)a; + % + >fcy* = 0, 

have the same tangent at the origin. 

322. Let 5 = be the equation to a conic section, and 

equations to three straight lines ; then 

represent curves of the second degree touching the proposed 
conic section. By properly choosing u^ t?, w^ Z, m, n, we may 
make each of the last three equations represent a pair of 
straight lines touching 5 = 0. (See Art. 293.) Thus, if 
there be a hexagon circumscribed roxind the conic section 
3 = 0, the equations 

5--?w* = 0...(l), «-mV = 0...(2), «-wV = 0...(3), 

may be taken to represent the six sides of. the hexagon. 
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B7 combining (1) and (2) we obtain 

5 — Pit*— (« — mV) = 0, or {mv — lu) {mv + lu) =0...{4:)y 

for the equation to a pair of lines which pass through the 
intersections of (1) and (2). 

Similarly, {nw—mv) (nw + mv) =0 (5), 

represents a pair of lines which pass through the intersections 
of (2) and (3), And 

{lu — nw) {lu+nw) =0 (6), 

represents a pair of lines which pass through the intersections 
of (3) and (I). 

The six lines which we have obtained may be arranged in 
four groups, each containing three lines which meet in a 
point, namely, 

mv — lu^O, n«? — 7?it?=0, Zw — ww7 = 0, 

mv+lu = 0, nw'h'niv= 0, lu'-nw = 0, 

mv + lu=: 0, nw'-mv = 0, Zm + wti? = 0, 

mv'-lu = 0, nw-hmv^^ 0, lu +nw = 0. 

This gives a proof of Brianchon's theorem, if a hexagcm he 
described about a conic section the three diagonals which join 
opposite angles meet in a point. 

323. Pascal's Theorem. The three intersections of the 
opposite sides of any hexagon inscribed in a conic section are in 
one straight line. 

Let r = 0, 5 = 0, <=0, t^=0, v = 0, «(? = 0, 

be the equations to the sides of a hexagon which is inscribed 
in the conic section fi^ = 0. Let the hexagon be divided by a 
new line A = into two quadrilaterals, one of which has for 
its sides the lines obtained by equating to zero successively, 
r, «, t, d>, and the other the lines obtained by equating to zero 
successively, w, v, w, 0. Now we know that if a, J, I, w, are 
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appropriate constants, the equation to the conic section may 
be wntten in the forms 

a8<f> + brt=^0 2aidlv<l> + muw = 0; 

therefore a8<l>-\-bri and lv<f>'{-muw must each be identical 
with S; therefore 

a8<l> -f Jr< = lv<f> + muw ; 

/. {as — fo) = muw — brt. 

This equation shews that as — lv — O and ^ = 0, are the 
diagonals of the quadrilateral whose sides are found by equat- 
ing successively to zero, u, r, w, L By construction, = 
represents the line joining the point determined by r = and 
w = 0, with the point determined by f = and u= 0; and 
thus we see that <w-- fo = is the line joining the intersection 
of w = and r = with that of « = and tr = 0. But the line 
a^ — Iv^O obviously passes through the intersection of « = 
and t?=0 ; therefore the three points determined respectively by 

M = Oandr = 0, < = Oandi^ = 0, 5 = 0andt? = 0, 
lie on a straight line. 

For fiirther information on the subject of this chapter the 
student is referred to Sdmon's Conic Sections. 



EXAMPLES. 

1. Shei^ that if a — c : a —c' :: J : b', a (jircle may be 
described thfough the intersections of the two conic sections 

aa? + ban/ + cy^+ dx + ey -f/=0, 
a'a?+ Vocy + c'it'^ ^'a'+ «> +/' == 0. 

Find also the condition that a parabola may be described 
passing through the origin and the points of intersection of 
these curves. 
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2. Two conic sections have their principal axes at right 
angles ; shew that a circle will pass through their points of 
intersection. 

3. The equations to two conic sections are 

Aj^ + 2Bxy+ Gof + ^Ax = 0, 

ay* + ibxy + ca? + 2a x = 0. 

Shew that the lines joining the origin with their points of 
intersection will be perpendicular to each other if 

a'{A+G)^A'{a + c). 

4. An ellipse is described so as to touch the asymptotes 
of an hyperbola; shew that two of the chords joining the • 
points of intersection of the ellipse and hyperbola are parallel. 

5. If a^ = c' be the equation to an hyperbola, ^Art. 73), 
then 0^ = 0, o^ — j8" = 0, a'— w'j8" = 0, are the respective equa- 
tions to the asymptotes, the axes, and a pair of conjugate 
diameters, n bemg any constant, 

6. The straight lines which bisect the angles of a triangle, 
meet the opposite sides in the points P, Q, B, respectively ; 
find the equation to an ellipse described so as to touch tne 
sides of the triangle in these points. 

7. From any point two straight lines are drawn, one in- 
clined at an angle a, the other at an angle -^ + Sy to the axis 

of a parabola ; shew that another parabola may be described 
whicn shall pass through the four points of intersection, 
whose axis is inclined at an angle 2a to that of the given 
parabola. 

8. Prove that the equation to the conic section which 
passes through the point {h, k)j and touches the parabola 
y" = & at the vertex and at an extremity of the latus rec- 
tum, is 

(y«_ic)(^^2A)"=(y-2a?)"(A:'-ZA). 

Shew that it is an ellipse or hyperbola according as the 
point (A, k) is within or without the parabola, 

T. c. 8. la I 
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9. A conic sectioa toaches the sides of a triangle ABC in 
the points a,h,e; and the straight lines Aa^ My Vc^ intersect 
the conic in a'f h\ c' ; shew that 

(1) the lines Aay JBb, Co, pass respectively through the 
intersections of Be and Cb'y Ga' and Ac\ Ah' and JBa', 

(2) the intersections of the lines ah and dh\ he and J c', 
ac and a'c, lie respectively in -4J5, BG, GA. 

10. A conic section is described round a triangle ABC; 
lines bisecting the angles of this triangle meet the conic in 
the points A\ J?', C7', respectively ; express the equations to 
AB, A'Gy A'B. 

11. If a conic section be described about any triangle, and 
the points where the lines bisecting the angles of the triangle 
meet the conic be joined, the intersection of the sides of the 
triangle so formed with the corresponding sides of the original 
triangle lie in a straight line. 

12. Interpret the equation 

(M-)(M-^)+«-»' 

how many parabolas can be drawn through four given 
points ? 

13. If w = 0, t;=0, ti? = 0, represent the sides of a tri- 
angle, shew that the sides of any triangle which has one 
angle on each side of the former may be represented by 

vn n ' I 

where Z, m, w, are constants. 

Find also the relation which must hold between Z, m, n, in 
order that the lines joining corresponding angles of the two 
triangles may meet in a point. 

14. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the 
hyperbola ; shew that another of them is a diameter of the 
circle. 
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15. A GA* is the major axis of an ellipse, P any point in 
the circle described on the major axis, AP^ AP^ meet the 
ellipse in C ^ ; shew that the equation to QQ' is 

(a' + 5*) y sin ^ + 2J*aj cos tf -• 2a5» = 0, 

the ellipse being referred to its axes, and 6 being the angle 
AGP. 

If an ordinate to P meet QQ in 5, the locus of JK is an 
ellipse. 

16. The locus of a point such that the sum of the squares 
of the perpendiculars mrawn from it to the sides of a given 
triangle shall be constant, is an ellipse ; and if the constant 
be so chosen that the ellipse maj touch the side opposite to 
the angle ^ in i>, then 

CD : BD ;: V : c\ 

17. With the notation of Art. 313, shew that the equation 
to the line through (7, and the centre of the circle is 

acosJ^arjScosjl. 

18. Suppose in Art. 313 that D is the middle point of the 
arc AB\ then the equations to BD and AD are respectively 

asin C7+7(8in^4-sinJ3) 5=0; 

)8sin (7+7 (sinul + sin^ = 0. 

19. In Art. 309, equation (4), if ^', B\ G\ be the points 
of contact of the triangle and conic section, shew that the 
equation to A'B' is 

lu'\-mv''nw = 0. 

20. In the figure of Art. 292, suppose w = the equation 
to -4(7, t? = the equation to BD, and w^O the equation to 
EF, and that 

ZV + ?»V-n'M7'«sO 

represents a conic section going through -4, 5, (7, i>; then 
express the equations to the tangents at -4, JB, C, />, and also 
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to the lines AB, BC, CD, DA. Shew also that the line Fa 
^ passes through the intersection of the tangents at A and B, 
' and of those at C and D. 

21. Find the condition that the line 
may touch the conic section 

V(^ + V(wt?) + V(»«?) =0, 

22. Give a geometrical interpretation of equation (1) in 
Art. 304, and shew that it is a particular case of the theorem 
in Art. 317. 

23. Interpret the last equation in Art. 313; deduce the 
following theorem; if from any point of the circle which 
circumscribes a triangle, perpendiculars are drawn on the 
sides of the triangle, the feet of the perpendiculars lie in one 
straight line, 

24. If ellipses be inscribed in a triangle each with one 
focus in a fixed straight line, the locus of the other focus is 
a conic section passing through the angular points of the 
triangle. 

25. Three conic sections are drawn touching respectively 
each pair of the sides of a triangle at the angular points where 
they meet the third side, and each passing through the centre 
of me inscribed circle ; shew that the three tangents at their 
common point meet the sides of the triangle which intersect 
their respective conies in three points lying in a straight line. 
Shew also that the common tangents to each pair of conies 
intersect the sides of the triangle which touch the several 
pairs of conies in the above three points. 

With the angular points of a triangle A^BG as centres, 
having . 



and the sides as asymptotes, three hyperbolas are described, 
ring A\ B\ C as their vertices respectively : prove that if 



^^'sin^ = J?5'sinf = GG' sin^, 

Ji Z A 
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the Intersections of each pair of hyperbolas lie on the axis of 
the thircL 

27. The equation lo?^mfi^^nr/^0 will represent a rect- 
angular hyperbola if Z+iTt 4- n 8 0. 

28. Shew that V(fe) + V(«»i8) + VC^y) = 0, represents in 
general an ellipse, parabola, or hyperbola according as 

Z . m . n 
c 



-a-'V^-- 



is negatiye, ssero, or positive ; where a, ft, e denote the lengths 
of the sides of the tnangle formed by a = 0, /8« 0, 7 = 0. 

29. Shew that Z/87 + fivya + nafi = 0, represents in general 
an ellipse, parabola, or hyperbola according as 

Pa*-f mW + «V- 2Ziiiaft — 2i»nJc - 2nfca 

is negatiye, zero, or positive. 

30. Find the equations to the tangents to the curve 

V(Za) + V(wi^)+V(«7)«0, 

which are parallel to the line 7 ^s" ; and thence shew that the 
centre of the curve is determined by 

tt ^ /3 ^ 7 ^ 
fMi + nb na-k-lc Ib+ma* 

31. From a ^int P two tangents are drawn to a conic 
section meeting it in the points M and N respectively ; the 
line through P which bisects the angle MPN meets the 
chord UN in Q ; any chord of the conic section is drawn 
through Q ; shew that the segments into which the chord is 
divided by the point Q subtend equal angles at P. 
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CHAPTER XVI. 

SECTIONS OF A CONE, ANHABMONIC EATIO AND HABMONIC 

PENCIL. 



Sections of a Cone, 

324. We shall now shew that the curves which are 
included under the name conic sections^ can be obtained bj 
the intersection of a right cone and a plane. 

Dep. a cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which remains fixed. The fixed aide is 
called the axis of the cone. 
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Let OH be the fixed side, and OHG the right-angled 
triangle which revolves round OH. A section of the cone 
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made by a plane through O^and OC will meet the cone in a 
line O-o, which is the position 00 would occupy after re-t 
Tolvine half way round. Let a section of the cone be made 
by a plane perpendicular to the plane BOO; let AJP be the 
section, A being the point where the cutting plane meets 
00; we have to find the nature of this curve AP. Let a 

Slane pass through any point P of the curve, and be perpen- 
icular to the axis OEl; this plane will obviously meet the 
cone in a circle BPE, having its diameter BE in the plane 
BOO. Let MP he the line in which the plane of this circle 
meets the plane section we are considering, M being in the 
line BK Since each of the planes which intersect in MP is 
perpendicular to the plane BOO, MP is perpendicular to that 
plane, and therefore to every line in that plane. 

Draw AF parallel to EB, and ML parallel to OB; join 
AM. Let AM=:x, MP^y, OA = c, HOG^a, OAM=0; 
the angle AML will be equal to the inclination of AM to OB, 
that is tOTT— ^ — 2a. 



Now, 



MB BJaMAB &in0^ 
MA " sin MBA ~ cos 05 ' 

... iK2> = £^. 
cos a 

EM=FL=:EA.'-AL-2csma-AL; 

AL __ sin AML _ sin (tt — ff — 2a) ^ 
AM'^AtlALM'^ . (it \ ' 



smi 



.J. X sin {0 + 2a) 
COS a 

■Efur c^ • a? sin (^ + 2a) 

r. EM= 2c sm a ^^ . 

cos a 

But, from a property of the circle, MP* ^ EM. MB ; 

, a? sin tf f _ . a? sin (^ + 2a)1 

.'. ^=: .^2csma ^ ->, 

^ cos a I cos a ) 
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If we compare this eauation with that in Art. 282, we see 
that the section is an ellipse, hyperbola, or parabola, accord- 
ing as 

8ind8in(d + 2a) . .. 
^ 1 ig negative, positive, or zero, 

that is, according as d + 2a is less than tt, greater than tt, or 
equal to tt. 

Hence if AM is parallel to OB the section is a parabola, 
if -4if produced through Jf meets OB the section is an ellipse, 
if ^Jf produced through A meets OB produced through the 
section is an hyperbola. 

If c = the section is a point if tf + 2a is less than tt, two 
straight lines if d -f 2a is greater than tt, and one straight line 
if^ + 2a = 7r. 

The equation above obtained may be written 

i» — sin ^ sin (g Hh 2a) \ 2c sin g cos a ,1 

2^ ^5?5 tsin(<? + 2a) ^^^p 

suppose d + 2a to be less than tt, so that the curve is an 
ellipse ; then by comparing this equation with 

y« = j(2aa:-a»), 

we have 

_ 2c sin g cos a &* _ sin g sin {d + 2g) 
"" sin(tf-f2a) ' a'~ cos*a 

m, ^ c sin 2a ,, c*sin'asintf 

^^^ ^" = Bm(g+2a) ' ^° Bm(g.f2«) - 

If we suppose in the figure of Art. 324 that AM is pro- 
duced to meet the cone again in A\ then 2a = -4-4', as might 
have been anticipated ; also b ma^ be shewn to be a mean 
proportional between the perpendiculars from A and A* on 
the axis OH. Similar results may be obtained when the 
curve is an hyperbola. 
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Anharmonic JRcUto and Harmonic Fencil, 

325, We will now give a short account of aitharmonic 
ratios and harmonic pencils, which are often used in investi- 
gating and enunciating properties of the conic sections. 

Let there he four straight lines meeting in a point ; then if 
any straight line ABCBoq drawn across the system, 

"m -5- -ttty will be a constant ratio. 
AC JJU 




Suppose the point where the lines meet; then 

AB sin AOB 
AO^BiaABO' 

AO Bin AOC 
AO^BmACO' 

AB ^in AOB Bm AGO 
'*• AG'" Bin AOC* Bin ABO' 

DB _ sin DOB Bin D CO 
BCBmBOG'BinBBO' 

AB ^ DB BJnAOB . BinBOB 
AC • DG^BinAOC ' BinDOC 



SimiUurlj, 
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Now suppose any other straight line AB' CB drawn across 
the system, then since AOB and A OB are the same angle, 
and so on for the other angles, we have 

4B_DB_AB^ BB' 
AC BCA'C ' irC" 

which proves the proposition, 

Similarlj we can prove that each of the following is a con- 
stant ratio 

AB CB .AC BG 

a3^1!d^^:Kd^bd' 

326. Defs, Any four lines meeting in a point form a 
penciL 

A straight line drawn across a pencil is called a trans-* 
veraaL 

Any one of the constant ratios -tt^-^-twyj -TT^-^-??7i> 
AG BG . ^^ -^^ ^-^ ^ 

Ajy^ 7iD ^ ^^^^ ^^ anharmanic ratio of the pencil. 

The pencil is called harmmic liAB.DG^AD. BG, that 
is, if the rectai^le formed by the whole line {AB) and the 
middle part {DO) is equal to the rectangle of the other two 
parts {AD), {BG). 

327. The harmonic pencil is so called because it divides 
any transversal harmonically. For since AB.DG= AD. BG, 

AB BG 
AD'^DG' 

that is, if we call AB, AG, AD, the first, second, and third 
quantities respectively, the first is to the third as the diflfer- 
ence of the furst and second is to the difference of the second 
and third. 

When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 



Digitized by VjOOQ IC 



HAfiMONIO PENCIL. 299 

We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as the anharmonic ratio of the pencil. 

328. Suppose OJ., OB, OG, OD form an harmonic pencil ; 
if we take any new origin C, and join 0'-4, (7-B, (7(?, OD^ 
these four lines form a new harmonic pencil ; for the trans- 
versal ABCD is cut harmonically. 

329. The anharmonic ratio of a pencil is not altered if the 
transversal meet the lines of the pencils produced, instead of 
the lines themselves; 




Suppose OAy OB, OC, OD, to be a pencil, and let a 
transversal A'B'G'D' meet three lines of the pencil, and the 
fourth AO produced in A'. The angles A' OB', A OB are 
supplemental; and so are AOD, -4' Ox/'; and so on. Hence 
any anharmonic ratio formed on ABCD is equal to the cor* 
responding ratio formed on A' BCD'. 

330. Suppose AB. OD^AD.BG, so that OA, OB, OG, 
OD, form an Jbarmonic pencil. By the last proposition 

A'D ' CD"' AD'^ GD ' 
.•. 0A\ OB, OG', OD, form an haimonic pencil. 

Digitized by VjOOQ IC 



300 



BABMONIC PENCIL. 



Similarly 0C\ Off, OA, and DO produced througli 
will form an harmonic pencil. Thns from one harmonic 

Sencil by producing the lines through the yertez, we can 
erire four other harmonic pencils. 

331. The lines whose e(jua1ions are a=0, ;8=0, «— A;/8=0, 
a+k^ — d form an hanrnnic pencil. 




Let OM be the line aa=0, 

ON /9-0, 

OP o-iljS=0, 

OQ a + Aa8=0. 

Let a transversal meet th6 pencil in mpnq\ tiien (Art. 72), 

»mPOM ,_ sinQOM 
BrnPON'^'BrnQON' 

. sin PQJf emQON ., 
" sin PON' sin QOM^^ ' 

.♦. (a8inArt.325)^.5ri = i; 
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The same result will follow if we draw the transyersal in a 
different position. The harmonic pencil is so formed that its 
outside lines are always one of the two a««0 and ^8 = 0, and 
one of the two a — 4/8=0 and a + kfi=^0. 

332. The anharmonic ratio of the four lines a = 0, j8=!0, 

k 
a-ife/8 = 0, a-A'/8 = 0, isr?.. 

For as in the preceding article we have 

sin PQJf , sin^QJf 
BmPON^ ' am QON'^'^' 

k 
therefore, hj Art. 326, p expresses the anharmonic ratio. 

333. Article 331 will also hold if the equations to the 
lines be w ^ 0, v = 0, u^kv^O^ and u-^kv^O. For, by- 
Art. 57, we have u=:'KoLy t? = /*)8, where \ and /jl are constant 
quantities ; hence the equations u—kv =0 and u + kv =^0 
may be written Xa — A/*/8==0 and Xa + A/i.)8 = 0, or a — A'/S =0 

and a + k'fi = 0, where A' = -:^ . Hence Article 331 becomes 

immediately applicable. 

334. The four lines jEB, ECy EG, EF, in Art. 76, form 
ai^ harmonic pencil ; for their equations are 

t^ = 0, w = Oy tu — nw^Oy lu + nw=:0. 

By symmetry FB, FA, FQ, FE, will also form an harmo- 
nic pencil. 

Also QD, QGy OF, OE, form an harmonic pencil, for their 
equations are respectively 

lu — mv^ 0, mv — nw = 0, Zw — Tut? — {mv — nw) = 0, 

Zu — mt? + wv — nw = 0. 

335. A straight line drawn through the intersection of two 
tangents to a conic section is divided harmonically by the 
curve and the chord of contact. 
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Befer the carve to the tangents as aaces ; its equation will 
be of the form (Art. 293) 



{M-^i 



+ /«ajy«0 (1). 

Suppose a straight line drawn through the origin, and let 
its equation be, (Art. 27) 

f = ^=r (2). 

Thus the distances from the origin of the points of inter- 
section of (1) and (2) will be the values of r found from the 
equation • 

or, (i ■•■?•";) + f^ "^ ^^^• 

If r' and r" be the loote of the equation, we have 

?4-a+?) «• 

Also the equation to the chord of contact is 

M-'-" •• w- 

Hence for the distance (r) of the poiat of intersection of 
(2) and (5) from the origin, we have the equation 

_. + _. = !, or- = j5 + ^ (6). 

From (4) and (6) we have 

r^ r r 
thus r^ is an harmonic mean between r* and r'» 
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Since LMNO is divided harmonically, if from any point in 
AB we draw lines to j&, N^ and 0, these lines with AB form 




an harmonic pencil. A particular case is that in which the 
point in AB is the intersection of the tangents at N and i, 
which we know will meet on AB, (See Arts. 103, 186.) 

336. Let -4, B, (7, -D, be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on ABy fi the perpendicular from the same point on BC, 
7 on CD, B on DA. Then by Art. 317 we know that 
wherever P may be, a7 bears a constant ratio to jSS. Now 
AB . a = twice the area of the triangle PAB 

=^PA.PB.smAPB; 

PA. PB. sin APB 
•*• * AB • 

Similar values may be found for /8, 7, S. Thus 

PA.PB.PG.PD . .j,^ . ^p^ 

. p ^,y, sm APB. sm GPD 

AB. CD 

bears a constant Tatio to 

PA.PB.PG.PD . ^^^ . ^p . 
j.^ jjy sm BPG. sm DPA ; 

sinAPB.smGPD . , . , ., -. 

.'. -; — 5^57^ — ; — tTttt IS constaut, that is, the pencil drawn 
smBPC.BmDPA ' ^ 

from any point P to the four points A, jB, 0, i?, has a constant 
anharmomc ratio. Digitized by Googlc 
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CHAPTER IIL 

1. (l)y + 2a:=l. (2) a: = 2. (3) y = a;. (4) a; = 0. 

2. .y-4 = ~3(«-4), y-4=i(aT-4). 

3. y-l = (V3-2)a:, y- 1 = -(V3 + 2)a:. 

4. y = x, y = -ax 5. V-'-n^i x^O. 

6. 90^ ic = -i, y = |. 7. 60*. 8. 45*. 

9. y = i(a;-a). 10. y = aj. 11.. 2^2. 

12. —FT-a — fav* 13. x = y = r, 14. -3-n= — r* 

15. (1) The origin. (2) Two straight lines, y = x, and y = - «, 
(3) Two straight lines x = 0, and a; + y = 0. (4) The axes. (5) Im- 
possible. (6) Two straight lines x = and y = a. 16. (1) Two 
straight lines x = a, and y « 5. (2) The point (a, b), (3) The 
point (0, a). 17. The lines y^x, and y=3oc 19. 4y = 5x, 
and3y + 2x-20 = 0. 20. Let a be the length of the side of 
the hexagon; the equations are to AB, y » ; AG, yj3 = x; 
AD,y = xJ3; AJS,x = 0; AF,y+xJ3 = 0; BO, y = J3{x^a)', 
BD,x^a;BJS,y-hJ3{x'-a)^0;BF,yJ3-^x-'a = 0; CD, 
y + xJ3=^2aJ3; CJS, y J3 + x = Za; OF, 2y ^ a J3 ; DH, 
y=J'da; I>F,y J3- x = 2a; FF, y- xJ3= aJZ. 21. If 

(*i> ydf {x^9 y^y {x^9 y^ ^ tli© angular points, the co-ordinates of 

X "^ X 1/ *4* f/ 

the point midway between the first and second are — ~ — - q^ ' ; 

similarly the co-ordinates of the point midway between the second 
and third points are known ; and then the required equation can 

Digitized by VjOOQ IC 



ANSWEBS TO THE EXAMPLES. 305 

be found by Art. 35. 22. ^!— J- tan «. 24. -+ ?= 1, 

x 4* 2dEO sin M 

- = ^ ; tangent of tbe angle between them — w^zw ' ^^* ^® 

points whose abscissae ai-e » + r V(«* + V) and a — t >/(«* + V). 

31. ^^^^^il^. 35. 90". 36. J?'(6)=: Ogives a system 

of lines through the origin; sin 3^ = gives the three lines y^O, 
y-xJZy y^-xj3. 40. The second pair of lines bisect the 
angles included by the first pair. 44. Let ABC be the triangle ; 
take A for the origin and lines through A parallel to the two 
given lines as axes ; let x^^yi, be the co-ordinates of B, and x^^y^^ 
those of G. Then it may be shewn that the equations to the three 
diagonals mentioned are 

from these equations it may be shewn that the three diagonals 
meet in a point. 45. Take as origin and use polar equations 
to the given fixed straight lines. 46. Let cb, be the abscissa of the 
point of intersection of the two lines ; then the area of the triangle 
is i(c, -Ci)ajj. 47. This may be solved by Art. 11. Or we 
may use the result of the preceding question ; for by drawing a 
figure we shall obtain three triangles to which the preceding 
question applies, and the required area is the difference between 
two of these triangles and the third. The result is 

\2(m3-w,) 2(tni-»ig) 2(m,-w,)J* 
which may also be written thus 

That sign should be taken which gives a positive result. 



CHAPTER IV. 



n X y X 

1. -4-f=-> + 
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7. Since the required line is parallel to the line considered in. 
Example 5, we may assume for its equation 

a cos -4 - /? cos ^ + A; = 0, 
where k is some canata/rU to be determined. Now at the middle 
point of AB) we have 

-a = ^sinj5, — /8=^sin-4; 

c c 

therefore — ^ sin 5 cos -4 + ^ sin A cos 5 + A; = ; 

thus k is determined. 

1 3. (mnf — m'n) u + {nl' - n'l) v + ( W - I'm) m? = 0. 

14. o6 (tt — v) + c (6 + a) «; = 0. 

15. Assume for the required equation la + m/S + ny = ; at the 
centre of the inscribed circle a = /^ = 7 ; thus Z + m + n = 0; at the 
centre of the circumscribed circle a, /3, 7 are proportional respec- 
tively to cos A, cos j5, cos (7 ; thus I cos A + m cos B + n cos (7 = 0. 
Hence the required result may be obtained. 

18. ToCF,2mV'-nio = 0; to DP, 2lu-2mv+nw=0; 
to AQ, lu - 2mf> + 2nv) = ; to BQy lu - 2mv = 0. 

23. It may be shewn that if t^ = 0, v = 0, t£? = 0, denote the 
sides of the triangle, the lines APy BP^ CP, m&j be denoted by 
mv — ntv = 0, nw — lu = 0, and lu — mv = respectively ; then 
the equations to the other lines can easily be expressed. 



CHAPTER Y. 

1. (a;' + y^'=a'(a^-3^. 3. fr = cJ2af~. 

4. y" sin* a « 4aa;'. 6. By Art. 83, we have 

sin (« — a) sin (co — /}) , sin a . sin 3 

m = ; -, w= J ^, m' = -; , n' = -7-^. 

Bin CO sinM sina» sina» 



CHAPTER YI. 

(1) Co-ordinates of the centre 2 and — 2, radius 3. 

(2) Co-ordinates of the centre - 3 an'dj > radius ^. 
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2. The first line meets the circle at the points (—4, 3) and 
(3, - 4) ; the second at the points (0, - 5) and (~ 5, 0) ; the third 
touches it at the point (- 4, - 3). 

8. For determining the abscissae of the points of intersection 

we have the equation oc^ll -h -pj -^ -^ (b - k) x ■- 2aa: + J^—2hk =0 ; 

if the line touches the circle we must have (Jch - haf + 2hh (ka + hb) 
= AV. 9. 2y+3x = 0. 14. «^4-y»-a^-AiB-% = 0. 

15. Inclination of axes 1 20^ ; co-ordinates of the centre each = h ; 
radius = A. 16. Inclination of axes 60°; co-ordinates of the 

centre each = ^ j radius = 70 • 17. x*-^j^+osyJ2-9 = 0. 

10 « . 1 A ia J{h'-hi^-2hkcoau») 

^ ^ ^ 2sm« 

23. V+y* = a(a? + -^); ^ = -^ cos Ta-^y 27. A circle. 

28. Use the equation in question 26. 29. Using polar 

co-ordinates, we have 

r-^Jir^-^-a'- 2ra cos 6) = /|r* -f a* - 2ra cos (^- ^)}; 

reduce and we get < ^3r -2acosf^ — ■gj> = 0; thus the locus is 

the circle circumscribing the triangle. 

30. sin*a-f sin*y5 + sin*7 4- ... =cos'a-f-cos*y54-co8*7+ ... 
and sin 2a -f sin 2)9 + sin 27 + . .. =0. 

33. If the perpendiculars are both on the same side of the line 
the locus is a circle; if on diiSerent sides the locus consists of two 
straight lines. 34. A circle. 36. Solve the quadratic in r ; 
it will be found that r = 2a cos ^ or — a sec ^ j thus the locus con- 
sists of a straight line and a circle. 

38. Take the extremity of the diameter as the pole ; it will 
follow from Example 37, that the tangent at P is represented by 
the equation 2c cos' a = r cos (2a - d\ and the tangent at Q by the 
equation 2c cos' /3=^r cos (2/9 — 0), These tangents meet at T, so 
at that point we have 

20-^=3 , 
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cos' a "" C08'/3 ' 

from this we shall find tan 6 = rr — ^ — ^, 

so that if (7 be the centre of the circle Ci = ji ^ 

2cosp cos a 

Hence we can shew that Gq — Gt^Gt- Gp. 



CHAPTER YII. 

4. a = y, and x + y = r. 

a + 

5. Let ^ = ma? be the equation to one line ; then 

^=17(1^' ... j-(i.«»')=(y.— .)•; 

this is a qnadratie for finding m, and we may replace m by - • 

6. ^V + (7 V + ^"ac + ^(76» - 2J[Cao - Bh {Ac + Ca) = 0, 



CHAPTER VIII. 

1. y=±2«. 2. y*=5ax-'9?. 3. The locus consists 

of two parabolas of which the centre of the circle is the common 
focus, and the directrices are the two tangents to the circle which 
are parallel to the fixed diameter. 4. The second curre is 

a parabola having its axis coinciding with the negative part of 
the axis of y ; the curves intersect at the origin and at the point 
a; = 4a, y = -4a. 5. y = x + a, 6. tan"*^. 7. y + a;=3a. 
8. At the point (9a, - 6a) ; length 8a J2. 9. y=2a J3, 

x = 3a. 11. The abscissa of the required point is or 3a. 
13. The curve is a parabola having its axis parallel to that of y, 
and its vertex at the point a? = ^, ^ = i* ^^^ ^^ ^ ^ tangent at 
the point x = l, y = 0. 20. Abscissa of required point is 

r"("7""^^) ' o«^"^*®~ (-^+ y) I length of chord -T5(4a'+y^i 
22. Locusof ^,a: = - 2a. Locus of ©', a" = ay*. 23, Refer 
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the parabola to PT and the diameter at P as axes. See Art. 151. 
25. See Art 155. 27. Transform equation (1) of Art. 125 

to polar co-ordinates, and we shall deduce t = 2a ^^ '-. 

28. Use the result of the preceding example. 

29. r=2a ^^'"^i"^^^^\ 30. Locus a pambola; 

see Art. 147. 32. Jx-^ Jy = J{a2J2). 33. (/-aO* 

-800/^2 = 0. 34. aj"+y*-«(a + aj')--3rjr' + aaj'=0. 

37. Use the result of example 5, Chap, vl 41. The equation 

to one tangent can be written y = m (a + a) + — , (see example 40^ 

and that to the other y = {^ '\' a^) — a'm. By eliminating m 

we have for the required locus « + a + a' = 0. 42. Take for the 
equation to the chord y = ma + n ; then to find the abscissa of the 
middle point of the chord we must take half the eum of the roots 

of the equation {mx + rCf = Aax ; so that the abscissa is 5 — . 

Now since the chord touches the parabola y" = 8a {« - c) the equa- 
tion {mx + n)' = 8a (a; - c) must hare eqwU roots ; by means of this 

2a — mn 
condition it can be shewn that 5 — =c. 44. Form the 

equation which determines the ordinate of a point in a parabola 
such that the normal shall pass through a giyen point ; the equa- 
tion will be a cubic. 45. The tangents of the inclinations to 
the axis of x of the three normals that can be drawn through a 

point (a?, y) are determined by the equation 9n''fmr2 — \ + - = 0. 

See Art 1 35. Suppose m, , m„ m^, the roots of this cubic, then by the 

theory of equations w, + w», + w, = 0, m,^^ + m>^i + m^m^ = 2 — , 

fn,m,f7i8 = - - ; if two of the normals are at right angles we may 

put m,w, = - 1 ; from these equations by eliminating w, , m,, and m,, 

ife* — 4aA 
we find ^:=a{x'- 3a). 47. —,7jj — j-r . 65, The equation 
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y = mx +— represents a tangent to the parabola; if this passes 
m 

through the point (A, k) we have k = mh + — ; also m = — — 7- , where 

(a?, y) is any point on the tangent; thus k-- — l^- — T^f 

this will give the first form of* the equation. The second form 
may be deduced from the first ; the student will see hereafter what 
suggested the second form; see Arts. 321 and 322. 56, The 
equation y* = Aax represents the parabola ; the equation ky — 2<ix 
= 2ah represents the chord of contact; hence the equation 
4:ttx {ky — 2aa;) = 2aAy' represents 8omQ locus passing through the 
intersection of the parabola q-nd chord ; then see Art. 61. 

CHAPTER IX. 

1. -7«, 2. y-hex=ta; the intercept on the axis of 

(t X 

a? = - ; and the intercept on the axis ofy — a, 3. y + ae' = - . 

6 d 

4. The excentricity is determined by e*+ e'- 1. 5». y = - (a + a) ; 

b'x h 

y = —r J the lines are parallel if 2e* = 1. 6. y~ — (x — ae) ; 

2(16 

the abscissa of the point of intersection is -= 5 . 

* 1 + e" 

7. y = -(l + e)(iB-a); tan-^- ,, 8. —y. ,. ^ J ^ 

^ ^^ '\ 1 + e + e' a(l + e')-2«c' 

9. The co-ordinates of the point are x = -7^-5 — ^, y = — , 



10. The co-ordinates of the point are a? = -7^ , v = -r?. 

19. It will be found that the circle fells entirely without the 
ellipse if the inclination of the two parallel straight lines to the 

major axis be greater than tan~^ -r- . 22. - cos + ^ sin ^ = 1, 
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25. The co-ordinates of the required point are x = -^^ r^ , 

y = —^ g-^ ; the lines are parallel when e*+e'= 1. 28. i»*+y* 

-a;(ae + a/)-yy'+a6aj' = 0. 30. If the point (^, A;) be 6e«M«e» 

the directrices, the sum of the petpendiculars is ,, .„ — : if 

the point (^, Ic) be not between the directrices, the sum of the per- 
pendiculars is ± .. 4, a — TiTir > the upper or lower sign being taken 

according as A is positive or negative. 31. A circle having its 
t^entre at the centre of the ellipse and radius = a + 5. 

32. y = ± » ± ^(a' + 6"). See Art. 171. 34. Locus is the 

circle a?' + y" = a* + 6' ; this may be deduced from the second part 
of example 33. 35. See remark on Ex. ^^ of Chap. viii. 

42. The first part of this example maj be solved bj finding the 
equiEition to the line passing through the points of intersection of 
the two ellipses. 45. a* + y* = (a* + 6^1 (a? + y). 46. Let 

hyk be the co-ordinates of an external point; the equation 
to the corresponding chord of contact is a'% + Vhx = a*5* ; the 
ec[uation to the line through (A, Ic) perpendicular to the chord is 
(y - H) Vh = €^h (x - A). We require that the latter line shall be 
a tangent to the ellipse ; the necessary condition may be found by 
comparing this equation with the equation y = mx + ^(m'a' + 6") ; 
thus we shaU obtain ifc'a* + hV - h'k' (a' - 6")*. 48. a» (/+ 2y;5;) 
4- &■ (a:* + 2xh) = 0. 52. An ellipse. 53, The locus is an 

ellipse ; if ui be the origin, AB the axis of x, each of the co- 
ordinates of the focus is equal to half the radius of the circle^ 

54, -Ti^ . 55, Put a cos ^ for x and ( sin for y in the 

preceding result, (Art. 168); then the greatest value is-^. 

57. Let F denote a point on the ellipse, and Q the centre 

of the circle inscribed in the triangle SPH] then if ^ be the 

ordinate of P it may be shewn that the radius of the circle which 

area of triangle /S'P-flT ef/ ^,. . ^, ,. , -x^ ., 

= -: r — ^ nj. ' r-= r^~ > this is the ordinate of Qi the 

semipenmeter of triangle 1 + e ' 
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abscissa of Q may be expressed in terms of the co-ordinates of P 
since ^ is on the normal at F ; thus it will be found that the 
required locus is an ellipse. 58. Find the point in which SZ 
meets the normal at P ; then find the point in which ffZ' meets 
the normal at P ; it will then appear that the points coincide. 



CHAPTER X. 

1. «6 (ftic' - ayO + y^ (^ + ^ = ®'*'- ^* liefer the ellipse 
to the diameter and its conjugate as axes. 3. See Art. 11. 
8. r(a'8in'6 + 6"cos'a) = 2a6*cosa 9 and 10; use the re- 

sult of a. 12. Besult the same as that in Ex. 11. 13. Thej 

intersect when ^ = and when 0= -^, 14. The equations to 

the tangents at the ends of the latera recta are^ (Art. 205), 
r {e cosd + mi0) = a{l - €^ ; r (sin 6 - e cos0) = a {I + e*) ; 
r(ecos^~8in6) = a(l-«^; r (sin ^ + « cos 6) = - a (1 + e*). 
The equations to the tangents at the ends of the minor axis are 
r sin ^ = 6 j r sin ^ = - 6. 15. A straight line through & 

See Art. 205. 17. cos^=-^i^, r = a(l 4-ceO. 18- Be- 
tween -and-. 20. See Art. 208. 22. The sine of the 
a 

angle between the radius vector from the centre and the tangent 
is^, where ^ (a* + ft" ~ r*) = aV by Art. 196 ; then the least value 

of ^ may be shewn to be when 2r* = a' + 6'. 29. It may be 

shewn that the axis of the parabola must coincide with one 

of the axes of the ellipse, hence the latus rectum will be either 

2a* 2V 

^^ ir^ — iJ\ ' ^^' "^ ellipse. 32. An ellipse. 



35. Use the polar equations to FQ and pq; see Art. 205. 
38. Two of the sides of the parallelogram are determined by the 

equations - cos^ + ^ sin^^^^l, and the other two by the 
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equations - cos </>' + ^ sin 0' = * 1 ; see example 22 of Cbap. ix. 

It may be shewn that the diagonals of the parallelogram inter- 
sect at the centre of the ellipse ; then if the centre of the ellipse 
be joined with two acQacent comers of the parallelogram the 
triangle thus formed is one fourth of the parallelogram; and 
the area of the triangle is known by example 7 of Chap. i. 

41. The abscissa is ^^"^y and the ordinate 5^L±^ . 42. The 
a 

co-ordinates of the intersection of the tangents are found in 

Ex. 41; call them h and k, then use the second form given in 

Ex. 35 of Chap. ix. 44. The greatest value may be found by 

substituting for a/ and y' their values from Art. 168 ; it is 

ah {J2 - 1). 47. An ellipse. 48. An ellipse referred to 

its equal conjugate diameters. 51, This may be solved by 

means of Ex. 50. Or we may take the usual axes, then if a;', ^ be 

the co-ordinates of P those of Jf will be ^^^« \/^ and ^ , ,, ^ ; 

those of -^ will be ^ « ^.a and ^ ,"",, ' . Hence the solution 
can be completed. 

CHAPTER XL 
1. y"-3a:' = -3a'. 2. A straight line. 

CHAPTER XIL 

3. Let a line be drawn through the focus meeting the hyperbola 

in F and p and the asymptotes in Q and q ; then it may be shewn 

. ' n 2a (e* — 1) 2a sin' « ^ 2a sin a sin - ^- 

i^tFp=^:z — T — rs= — i Taf W = — a g^, and the 

^ l-«*cos"^ cos*a-cos'^' ^ cos'a-cos'^' 

required length is half the difference of Fp and Qq, 4. Take 

the centre of the circle aa the origin, AB as the axis of x, and a 

diameter parallel to FQ as the axis of y ; then the locus is given 

by the equation i^=oc^'-a\ and is therefore a rectangular hyperbola 

referred to conjugate diameters. 9. Use Art. 205. 10. Both 
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the diameters must meet the curve ; it will he found that this 
requires the conjugate axis to be grecUer than the transverse axis. 



CHAPTER XIII. 

1. The equation may be written {x — 2y) (x — 2y — 2a) = 0, and 

therefore represents two pa/rallel straight Hnes ; a line parallel to 

them, and midway between them, will be a line of centres. 

b c 

2. h = ^, k=-^ . 3. Two parallel straight lines. 4. A 

parabola. 6. An hyperbola if the angle A is less than ^ , 

an ellipse if it is greater than jr , a straight line if it. is equal to 5- . 
6. The equation to the hyperbola is ay = aV - 4a6*a; + 36V; the 
asymptotes are determined by the equations ay-^(x — 5- j 6 ^3. 
8. The locus is then a straight line which coincides with the 

equal axes. 11. ^. 13. Tan"^ ^, 

17. (1) A circle about the other focus of the given ellipse as 
centre ; (2) an ellipse about the other focus of the given ellipse 
as focus, and having the same excentricity as the given ellipse. 
18. The equation is (y - 3a; 4- 1) (y — 2x + 4) = 0, and therefore 
represents two straight lines. 24. Use the result given in the 
last example to Chap. vni. 26, The equation may be written 

(oif + y' + xyj2-a'){si^-¥y'-xy^2-a') = 0. 



CHAPTER XIV. 

2. Each locus is an ellipse. 4, 5, 6. Use the equation 

in Art 294. 7. The equation to the ellipse is -5 + ^ = 1 j ' 
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the equation to the chord of contact is — « + —- = 1 ; hence the 

equation -5 + ?« = — 3 + ^ represents some locus passing through 

the points of contaqt 10. The equation to the hyperbola 

is (y - ^) h^x = {x-h) a'f/. 12. Let y\ y" denote the two ordi- 
nates which correspond to the same abscissa x ; then 

The equations to the normals are, by Art. 284, 

(3f-y){€iai-¥hy)^{;t/-\-hx'){x--x')y and 

by addition {a-V) a (3^ + 2hx') + 5/= ... (1) ; 
by subtraction 6 (y + hx') — {a — b')x' = x— x\ 

therefore x {l + 2b'-a) = x-by (2). 

Substitute the value of x from (2) in (1) and the required equa- 
tion will be obtained. The locus is an hyperbola. 13. Locus 
a conic section, which passes through H and B, and through the 
intersection of the fixed lines. 18. A circle having its centre 
on the line joining the two points. 19. Two loci, an ellipse, 
and a parabola. 20. A circle. 23. See Art. 293. 
26. Use the equation to the parabola given in Art. 294, and 
the equation to the circle given in Example 21 to Chap. vi. 

29. r sin 26 = c 30. aV' + V^^^ = »*• 32. See Example 
30 to Chap. X. 35. An ellipse. 37. In the first case the 
locus is a circle ; in the second it is a straight line. 38. A circle 

having its centre at ff. 44. — 5- + ^5 = 1. 46. The equa- 
tion is y* = 4a (oj - 8a). 50. The line — T-^y bisects the 

chord of contact, and is therefore parallel to the axis of the para- 
bola ; if through the point (a, 0) a line be drawn making the same 
angle with the tangent at that point as the axis makes, the focus 
must be in this line ; the equation to this line is y (a + 26 cos to) 
+ b{x — a) = 0, ^ Similarly we can draw a Hne through the point 
(0, 6) which will also contain the focus. 52, We may take for 
the equation to one normal y = mx - am - am^y and for the other 
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^-m'y-dunJ —an{^ \ also w^'=— w. Then by addition y+a3=m(a;-y). 
Substitute for m in the first equation and reduce ; thus 2a (a; + y) 
= {x — y)\ 53. We have to eliminate m between 

Square and add ; we shall obtain after reduction 

y*+« = — ) — fes — ^— (1). 

Also {y''mxf{c^ + m%*) = {my + xf{m*a^ + V) j 
by reduction we obtain 

(ay-6*aj")(m-l)=-2ajy(a» + 6«) (2). 

From (1) and (2) 

CHAPTER XY. 

^« /s/« + ^//^ + /s/7 = 0. 10* The equation to the conic sec- 

tion being Ifiy + mya + wa/3 = 0, that to A'B is (m + w) a + Zy = 0> 
that to ^'C is (m + n) a 4-^/8 = 0, and that to ui'^' is 
(w +7i) a + (? + »)/3-W7 = 0. 13. tow + l = 0. 

21, - + — + - = 0. 26. The equation to the first hyperbola is 

\ fji V 

A 
fiy = A A'* sin -5- j similarly for the others. 31. The equation 

to the conic section may be taken to be aP = k/; and the 
equation to the line FQ will be a-/?=0. The equation 
to the chord will be a-p = ky. Thus kia-^Pf^K^ap will 
represent the lines joining P with the points of intersection of 
the chord and the conic section. From the symmetrical form of 
the last equation we infer that one line makes the same angle 
with the line a = which the other makes with the line ^ = 0. 
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EDUCATIONAL MATHEMATICAL 
WORKS. 

By L TODHUNTEB^ M.A. 

FeUow <md Amstcmt Tutor of St John's College, Cambridge, 



1. A Treatise on the Differential Calculus: 

With numerous Examples. Second Edition, reyised. Crown 8vo, 
cloth, 10#.6{f. 

'^TO THE DIFFERENT CHAPTEBS WILL BE FOUND APPENDED EXAMPLES 
8UFFICIENTLT NTMEBOUS TO BENDEB ANOTHEB BOOK UNNECE8SABT. 

The examples hare been selected almost exclusively from the College 
and Uniyersity Examination Papers.** — Preface, 

"A TbEATISE which will take its PLACE AMONOST OUB STANDARD 

Educational Wobks. The explanations in the eablt pabts of 
the Yoluhb abb clbab and contincino, and cannot fail to 
intebest the Student." — English Journal ofEdueaHon, 

**FOB THE GBEAT BULK OF MATHEMATICAL STUDENTS— ESPECIALLY AT 
the BEGINNINO of THEIB ACQUAINTANCE ■ WITH THE OaLCULUS— WE 
HATE NOT SEEN A TbEATISE SO WELL ADAPTED AS THE PBESENT.** — 

AtkeruBum^ 

2. A Treatise on the Integral Calculus, 

And its Applications; with numerous Examples. Crown Svo. 
doth, lOs. 6d. 

••WOBTHT OF THE AUTH0B*8 BBPUTATION."— ^*/i«lk8Um. 
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3. A Treatise on Analytical Statics, 

With numerous Examples. Second Edition, Crown 8yo, cloth, 
lOs. 6d. In June. 

**Mr Pbatt'8 Tbeatise on Meohavical Philosopht if now out of 
printy and tke.present work may be regarded tu a republication^ with large 
additions, of that portion of it which treats of jSto^icf/'.— Preface. • 

*' We know of no other work which is so admirably adapted to the wants of 
a large class of Mathematical Students"-^ Athenjbum. 

** One of the most satisfactory evidences of the advancement of Education in 
Cambridge, is the recent improvement <f the University Class-Books. 
The perspicuous languagcy rigorous investigation, conscientious scrutiny 
of difficulties, and methodical treatment which characterise Mr Todhunter*s 
works, entitle him to a large share of the honour of that improvement "^-» 
CiTiL Enoineeb's and Abchitect's Journal. 

** The Treatise is an excdleni one, fiitty sustaining the high character of 
its Author, and the vorious sul^ects which it embraces have received 
additional interest Jtom tl . judicious observations and lucid explanations 
which Mr Todhunter has liberally interspersed throughout the Volume, 
tending not only to simplify processes, but to facilitate the acquisition of 

principles The Treatise is admirably adapted either far School or 

Collegiate instruction, and will form a first-rate Text-book on Analytical 
iSto^#.**— -English Joubnal of Education. 
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